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Abstract. We consider a Markov chain {X„}^q on defined by the stochastic recursion 
Xn = MnX„—-i + Qn, where {Qn,M„) are i.i.d. random variables taking values in the affine 
group H = R"^ XI GL(]R'^). Assume that Mn takes values in the similarity group of R"^, and the 
Markov chain has a unique stationary measure u, which has unbounded support. We denote by 
\Mn\ the expansion coefficient of Mn and we assume E|M|" = 1 for some positive a. We show 
that the partial sums Sn = ^k=o -^k^ properly normalized, converge to a normal law {a > 2) 
or to an infinitely divisible law, which is stable in a natural sense (o < 2). These laws are fully 
nondegenerate, if i/ is not supported on an affine hyperplane. Under a natural hypothesis, we 
prove also a local limit theorem for the sums Sn- If o < 2, proofs are based on the homogeneity 
at infinity of u and on a detailed spectral analysis of a family of Fourier operators P„ considered 
as perturbations of the transition operator P of the chain {Xn}- The characteristic function of 
the limit law has a simple expression in terms of moments of u (a > 2) or of the tails of u and 
of stationary measure for an associated Markov operator {a < 2). We extend the results to the 
situation where M„ is a random generalized similarity. 



1. Introduction and main results 

We consider the vector space V = M.'^ endowed with the scalar product {x, y) = X^^Li ^iVi ^^-^ 
the norm \x 

I = Ei=i \^^?■ Let i7 = F X GL(F) be the affine group of V i.e. H is a semi-direct 
product of the hnear group GL(T^) and the group of translations of V. The action oi h = {b,g), 
bGV,ge Gh{V) on x e F is 

hx — gx + b. 

We denote by u* the adjoint operator of u e Endl^. 

Given a probability measure fi on H and x £ V, we consider the recurrence relation with random 
coefficients 

(1.1) I 

where the random pairs {Qn, Mn) € H are independent and distributed according to fi. We assume 
that a unique stationary law v for this recursion exists and has unbounded support. We denote by 
Jl the projection of /i on Gh{V) and by Gjz the closed subgroup generated by supp/I. 

We are interested in the limiting behavior of the sum Sn — X]fc=o -^k '^^ ^'^^ independent 
random variables {0 < k < n). Such a problem was considered in [K], and convergence to 
stable laws for sums like S!^, but with i.i.d. increments, was stated there. Under some conditions, 
the homogeneity at infinity of stationary laws was proved and was an essential aspect of the limit 
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theorems. For general information on limit theorems for analogous situations see [AD, BL, BDP, 
HHl] . For a study of homogeneity of tails in closely related contexts see [G, GL2] . For motivations 
to consider such afhne recursions see e.g. [DF]. 

For the main part of the paper we will assume that M„ belongs to the similarity group G of V, 
i.e. the group of elements g of GLiV) satisfying 



for every v . In this case under some moment conditions, including E|Af„|" = 1 for some a > 0, 
a detailed study of the (unique) finite stationary measure for (1.1) and of its tail A is available (see 
[BDGHU]). For a study of tails in closely related 1-dimensional models see [Grl, Go, GL2]. We 
observe that A is homogeneous of degree a with respect to G-p. In contrast to the general case of 
recursion (1.1), we observe that here, modulo a compact subgroup, G-jx is isomorphic to R or Z. 
If a < 2, this fact will be reflected in the form of the limit laws. If G-p; contains M;^ or if a > 2, 
then V belongs to the domain of attraction of a stable law. More generally, if a < 2 the concept 
of semistability and normalization along a subsequence of integers is relevant (see [L]). We show 
that the limiting law of the properly normalized sum exists, is infinitely divisible and stable 
in a natural sense. If supp/i has no invariant afhnc subspacc, this law is fully nondegenerate. If 
a < 2, the tail A enters as an essential component in the description of the limit law. If a > 2, this 
law is normal and if a > 2 its covariance form is a simple modification of the covariance form of 
v. In particular, if /i varies continuously and satisfies very general moment conditions, one passes 
from Gaussian asymptotics (a > 2) to non Gaussian ones (a < 2). This is analogous to a phase 
transition, as in statistical physics (see [S, DLNP]). 

If a < 2, in particular in the non normal case, the description of the parameters of the limit law 
for involves another family of Markov chains and stationary measures. For any fixed nonzero 
V &V, the Markov chain on V defined by the recursion 



has also a finite stationary measure 7]^ . It turns out that the tails of family 7]^ enter in the expression 
of the limit law for S^. We observe, that in most cases of convergence to non normal stable laws 
for functionals of Markov chains, which are considered in the literature, the Birkhoflf sums have the 
same limiting behavior as if the increments were i.i.d. with law equal to the stationary measure of 
the chain (see for example [GLJ], for the case of continuous fraction expansion). This is not the 
case here and the limit law has a tail, which depends linearly of the tails of the stationary laws v 
and r]v 

In order to state our main results, we need some notations. For v €:V we write Xv{x) = e*^'''^\ 
v*{x) = {v,x) and the characteristic function of a probability measure 6 on V will be written 



We will say that /i or recursion (1.1) satisfies hypothesis H if 

• No point of V is invariant under the action of supp/x. 

• There exists a > with E|M|« = 1. 

• TO„ = E[|M|" log \M\] < oo and E|Q|" < oo. 

Hypothesis H implies E[log|M|] < 0, hence (see [Bra]) the Markov chain defined by (1.1) has a 
unique stationary measure v and the support of u is unbounded. The affine subspacc generated by 
suppz^ is suppy^ - invariant and, if useful, we can assume that there is no proper supp/U - invariant 
afiine subspace. The transition operator of the chain {X^} will be denoted by P, hence 



gv\ = \g\\v 



(1.2) 



Wo = 0, 

W„ = M*(W„_i+?;), 



e{x) = JyxAyW{dy). 
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Also the scries Qo + X^fcli ■ ■ ■ Mk-iQk converges P-a.e. to a ^-valued random variable R and v 
is the law of R. Similar properties are valid for the Markov chain (1.2) associated to the transition 
operator T„ {v e V) given by 

T,cl){x) = f cj){g*{x + v))-Jl{dg) 
Jg 

and we denote by rjv its unique stationary measure, i.e. the law of ( -^o ' ' ' -^fe-i)"- 

The group G is the direct product of and the orthogonal group K = 0{V). We denote by 
R-p the projection of G-p: on R^. The center of Gp will be denoted by Z-p;. Let Kp = GpdK. Since 
P[|M„| = 1] < 1, and Rp is closed we have 

Rp = M+ or Rp = {p) = {p" : n e Z} for a p > 1. 

There exists a closed subgroup Ap C Gp such that tlic^ projection g i-^ \g\ defines an isomorphism 
of Ap onto Rp, and Gp = Ap k Kp is the semidirect product of Ap and Kp. Furthermore, Ap can 
be chosen to contain a central subgroup of Gp as a finite index subgroup. In particular the center 
Zp of Gp is the product of ZpC] K hy a, subgroup isomorphic to R or Z. Below, the elements of Zp 
(if < a < 2) or R!j_ (if a > 2) will be used to normalize the sums S'^. If Gp D or if a > 2, the 
normalization is as usual, by positive numbers. See Appendix A for some further discussion on the 
structure of Gp and Zp. 

We denote by Si the fundamental domain of Ap onV\ {0} given by: T,i = {x £ V; 1 < |a;| < p} 
if Rp = {p), El = 5*1, the unit sphere of V, if Rp = R;^. Then we write x = a{x)x with a{x) e Ap 
and X e El. Then r{x) = \a{x)\ < \x\ takes values in Rp, and r{x) = \x\ if Rp = R^. 

It is shown in [BDGHU] that under hypothesis H, the following Gp-homogeneous Radon measure 
A is well defined by the following weak convergence on y \ {0} 

(1.3) A= lim \g\~"gi^. 

Then A is called the tail measure (or tail) of v and the support of A is studied there under natural 
conditions. Here we need the fact that A is nonzero and this is a consequence of hypothesis H only. 
In the case d = 1 and Rp = R;^ the measure A is defined by 

dx dx 
K{dx) = C+l(o,^)(x)^ + C_l(_o„,o)(a:)^^. 

In general A has a product form. Let I be the Haar measure on Ap i.e. either l{da) — ^jj^ if 

Rp = R^j_ or I is the counting measure multiplied by logp, if Rp = {p). Define ["{da) = \a\~"l{da), 
then there exists a finite measure a on the fundamental domain Si such that A can be written as 
the product of I" and a: 

(1.4) / f{x)A{dx) = / / f{aw)rida)aidw). 

Jv\{0} JA-fr J-Si 

Also, if a > 1, we will denote by m = Jy xi'{dx) the mean of v, by q(x, y) — Jyix, ( — rn){y, C — 
m)v{dC,), the covariance form of v. We write also z = E[M„] for the averaged operator of M„. 

It will be shown that rjy has also a tail A„ given by 

= , , ^ \9\~°'9*'nv 
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We define the G^-homogencous continuous function A on 1/ by 

Hy) = I bCy{x) - l)A(rfx), if < a < 1, 

JV 

= / {xv{.x)-l-i{x,y))K{dx), if 1< a < 2, 

JV 

Hy) = {y,xfa{dx), if a = 2. 

We denote by A^ the function on V defined by 

Ai(y)=A(y)l[i,ec)(r(?y)). 

Given a closed subgroup U of Gh{V) and a continuous homomorphism a of i7 in W^, we will 
say that a probability measure ^ on F is {U, a) stable if 6 belongs to a one parameter convolution 
semigroup 6* {t > 0) and for every u G U, there exists f3{u) G V such that 

This equation implies that 6{X) (A <E V) do not vanish and if (/)(A) = log6'(A), then for any u £ U, 
4>{u*X) = a{u)(j){X) + i{(3{u), A). Conversely these conditions imply the {U,a) stability of 9, and in 
particular belongs to a well defined one parameter convolution semigroup. 

If U C G, the structure of U implies that a is of the form a{u) = with a > 0, and if a 7^ 1 
the stability relation can be reduced, using translations, to u{9) = In the case d = 1, U = M!j_, 

iJ-stability coincides with stability in the classical sense. If d > 1, U D (p) (p > 1) (resp. U D M.*^_) 
and a ^ 1, f7-stability coincides with semi-stability (resp. stability) in the sense of [L]. 

Main Theorem 1.5. Assume that the probability measure ^ on H satisfies hypothesis H. Then for 
any x G V. 

(1) If a > 2, -^{S'n — nm) converges in law to the normal law with the Fourier transform 

$2+(w) = exp ( - q(y,v)/2 - q{v, {I - z*y^z*v)). 

(2) If a G (0,2), assume Cn G Z-p is related to n G N by [|c„|~"] = n and define dn = 
0,= n^(c„),= ncnvn, resp. a < 1, = 1, > 1, where ^(c) = jy j^^^v{dx) for c G Z-p. 
Then CnSf-^ — d„ converges in law towards the {Z-p, a) -stable law with the Fourier transform 
^a{v) = expCc((i'), with 

Ca{v) = amal\^{K^), if a ^ 1, 
Ca{v) = miA^{A^) + i-f{v),ifa=l, 

where 'y{v) G M, if Rp = K+- V Rji = (p); same formulas are valid, where aA„(A^) is 
replaced by ^^J^p Ay{A^). Furthermore if a = 1, then for some constant I{v) > 0: 

|^(c)| < /(w)|c||log|c||, if \c\< 1/2, 
|^(c)| < 7(^;)|c|, if \c\> 1/2. 

(3) If a — 2, assume Cn G Zp satisfy lim„^oo | c„ | -\/n log n = 1, then c„(S'^ — nm) converges in 
law to the normal law with the Fourier transform ^2{v) = exp{C2{v)), with 

C2{v) = ~[ (^{v,wy + 2{v,w)r]v{w*)y{dw) = 2A,(A^), 
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if Rp = K!J_. // Rp = {p) , the same formula is valid with ^'^^ instead of 2. In both cases 

C2{c*v) = \c\^C2{v) ifc&Zp 
If no affine suhspace ofV is supp/i invariant, then the limit laws are fully nondegenerate i.e., their 
supports are not contained in a proper subspace of V. 

Remarks 

a) If G-p: D or if a > 2, '^aiv) is the characteristic function of a multidimensional stable law 
in the sense of [L] (p. 213-224). 

b) In case d = 1 and G-p = M^, the analogue of Theorem 1.5 has been proved in [GLl]. For 
another proof of assertion (1) in Theorem 1.5 in a more general context and under a moment 
condition of order 4, see [HH2] . 

c) If Rp = {p),a < 2 the sequence c„ given in Theorem 1.5 is lacunary, hence also the sequence 
of integers defined there. However the limit law is infinitely divisible; in general the tail of u has 
a nontrivial periodic multiplicative part, hence i> do not belong to the domain of attraction of a 
stable law (see [F], p. 577), then the limit law is only semistable in the sense of [L]. If a = 2 and 
Rp = (p) , the sequence c„ is also lacunary but the limit law is normal. 

d) If a = 2, since 6*2(0* w) = |cpC2(u) if c G Zp and C2{v) is a quadratic form, the corresponding 
normal law is invariant under the subgroup of K, which is the projection of Zp on K. 

e) As in [GLl] the proofs follow the Fourier analytic approach of [GH] (see also [BDP, HHl]). 
However, here the dominant eigenvalue of the Fourier operator is not analytic and even not differen- 
tiable if a < 2. Thus, an important point is to get explicit asymptotic fractional expansions. This is 
based on the homogeneity at infinity of stationary measures, studied in [BDGHU] and a remarkable 
intertwining relation. Moreover, instead of the analytic perturbation theory used in [GH], we need 
to use here the operator perturbation theorem of [KL] . 

Main Theorem 1.6 (Local Limit Theorem). Assume that Rp = M!j_, hypothesis H is satisfied, no 
affine subspace of V is suppiJ,-invariant and a ^ {1, 2}. Then for every v G V and domain 7 c M'' 
with negligible boundary 

lim n>^P[5^-d„e/] =p«(0)A(/), 

n— ^00 

where 

• X = f,i «/Q!<2,>2, resp. 

• (i„ = 0, = nm if a < l,> I, resp. 

• Pa is the density of the corresponding limit law in Theorem 1.5; 

• A(J) denotes the Lebesgue measure of I. 

Remark. This theorem can be interpreted as a local limit theorem for a random walk defined 
by /z on a homogeneous space F of a larger group H (see Section 8). Then we see that the exponent 
X of the corresponding local limit asymptotics is determined by the geometry of {H, V) ii a > 2, 
while it depends strongly of /x if a < 2. Such a situation, in case of Lie groups, was considered in 
[V]. 

In order to get an idea of what happens in general case we consider also the more general situation 
of generalized similarities. We will say that g G GL(y) is a componentwise similarity if V is an 
orthogonal direct sum V = ®^j^-yVj and g acts on Vj through a similarity gj, i.e. for any Xj e Vj, 

gxj e Vj and \gxj\ = \gj\\xj\. We write x = xj, g = {gi, . . . ,gi). Here we fix positive numbers 

1 = Ai < A2 • • • < A; and an orthogonal direct sum V = We consider a 'homogeneous 

I — 

norm' t, i.e. t(.x) = X^^^i l^^jl^^ '^6 observe that if a > and 7^ G GIj{V) is given by 

7a(xj) = a^^Xj, then 7a is a componentwise similarity, which satisfies r(7aa;) = ar^x). We denote 
D = {7a; a e R^}, \g\ = sup^(^)=i r(5fa;), G = {g e GL{V) : T{gx) = \g\T{x),yx G V}. Then any 
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g G G is a componentwise similarity, with V\- — Vj. If g G G we call g a r-similarity. If I = 1, we 
are back in the situation of similarities. Here we will use the same notations; their meaning will 
be clear from the context. We also denote K — {g £ G; \g\ = 1}. Then, if Kj = K H GL(V^), 



Gj = Gn GL(V,), we have: Gj 



X K-i, K 



D X K, where Kj is identified 



Xi>iVxr 
will denote the 



with a subgroup of G. For 7 > 1, we define subspaces of V: V^__ = ®Xj<jV\j 
Moreover for 71 < 72 wc define Vy^^y^ = ^71,+ ^ ^11 -■ For x gV , a;^,+, x^-, a;, _ _ 
projections of x onto the corresponding subspaces. 

Here we will assume that M„ e G, hence G-p C G. See Appendix for more information on the 
structure of G-p and in particular for the fact that Gp has a finite index subgroup, which is the 
product of Gp n if by a subgroup isomorphic to M or Z. Also the center Zp of Gp has the same 
form. Here Rp is defined as the projection of Gp on D, modulo K. Moreover, the action of Gp 
on V is reducible and non isotropic. This property is reflected in the mixture of Gaussian and non 
Gaussian asymptotics in the theorem below. 

If a > 1, we define the mean of v as above, i.e. m^,- = \y xi'{dx). Also if a > 2 we 

define the averaged operator of M„ hy z = E\Mn\va _] and the covariance form g' on V» _ by 
q{x,y) = Jy^ {x,( — m){y,( — m)u{dC,). For a description of A in this situation see [BDGHU], 
Appendix. 



Main Theorem 1.7. Assume that the probability measure ^ on H satisfies hypothesis H. Let {c„} 
be a sequence of elements of Zp such that [|c„|~"] = n and put dn =0,= n^i(c„),= n£,2{cn), 
resp. if a < l,a G [1,2), a > 2, resp., where ^i(c) = cma- + Jv TV^S^^^"^^) ^'^^ ^2(0) = 

(1) If a e (0, 2), then CnS^ — dn converges in law to the {Zp,a) stable law with Fourier transform 



= exp 



exp 



= exp 



/ iXvix) - l)f]y{x)A{dx 
Jv 

{{Xv{x) - l)fiv{x) 



ifa<l, 



i{v,xi) 



l + kilO^^'^^) 
(iXvix) - l)r]vix) - i{v, Xc,-) - 

V l+\Xa 



if a 
j^A{dx 



ifl<a<2. 



and a [Zp, a 



(2) Ifa>2 and = {0}, then -j={S^ 

direct product of a normal law on Vi 
transforms 

^2+{v) = exp - q{v,v)/2 - q{v, (7 - z*)-'^z*v)^ 

and 



— (i„)a _|_ converges in law to the 
stable law on + with Fourier 



exp 



{{Xv{x) - \)%u[x) - i{v, Xa-) 



1 + \Xa\ 



A{dx) 



Moreover in all cases, if no affine subspace of V is swppfi invariant, then the limiting laws are fully 
nondegenerate i.e., their supports are not contained in proper subspaces ofV. 

Remarks 

a) If a e (1,2) and Va = {0}, the formulas for '^aiv) simplify. In this case, they extend the 
formulas of the stable or semistablc laws (sec [L], p. 213-224). 

b) If a > 2, then use of different normalizations depending of the components allows to get fully 
nondegenerate laws. Furthermore, the result allows to predict the value of the exponent x in the 
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local limit asymptotics, as in Theorem 1.6: x — ^dimVa,- + ^dimVQ,,+ . The product form of the 
limit law is reminiscent of the results of [GLJ] and [BaP]. 

c) Here, modulo Z-pC] K, the normalization operators a„ = {^^,Cn) are suitable powers of a 
single matrix, which is a componentwise similarity. For a general approach to normalizations by 
linear operators and limit laws of iterated convolutions see [JM]. It turns out that if Rp = D, then 
the limit law in Theorem 1.7 is 'operator stable' as defined in [JM], but its parameters are different 
from those of the limit law corresponding to v*"'. In the non normal case considered here detailed 
information (see Appendix) on G-p, Z-p is needed for the construction of the normalization operators. 

2. Stochastic recursions and some properties of their stationary measures 

In sections 2 - 4, we assume that V is equipped with a homogeneous norm r and we study 
recursion (1.1), if M„ is a r-similarity. 

Here we will describe some further properties of stationary measures v and rjv of recursions (1.1) 
and (1.2), respectively, that will be used in the remaining part of the paper. If M„ G G, recursion 
(1.1) is studied in [BDGHU] and proofs of all its properties listed below can be found there. For 
general information on recursion (1.1) see [Bra]. 

We define k{s) = E]M)*. Under hypothesis H. the fimction k is well defined for s G [0, a] and it 
is strictly convex, hence k{s) < 1 for s < a. It is known that the sequence {AT^JIJ^JLo converges in 
distribution to a random variable R with law v, and finite ^-moments for 9 < a: 

(2.1) u{t^) = E[t{R)^] < supE[t(X„)^] < oo. 

n 

Furthermore the tail of the stationary measure u is well understood i.e. there exists a G-p - 
homogeneous Radon measure A on 1/ \ {0} such that 

(2.2) , Igl-^gi^if) = , , lim ^ 151-" / figxHdx) = A(/) 

and the convergence is valid for every function / such that the set of discontinuities of / has A 
measure and for some £ > 

(2.3) sup (r(x)-«l logT{x)\'+'\f{x)\) < oo. 

Gjrhomogeneity of A means that for every g G Gp 

(2.4) A(/og) = l5l"A(/). 
In particular A is i^jr invariant. 

Lemma 2.5. Assume fi satisfies hypothesis H. Then v has no atom. If furthermore there is no 
proper suppfx-invariant affine subspace, then v gives zero measure to every affine subspace. 

Proof. The first assertion is a special case of Proposition 2.4 in [BDGHU]. We give a simple proof, 
for the sake of completeness. Let X be the set of atoms of v. Since '^^^x ^(^) — '^(^) reaches 
its maximum value a and Xq = {y G X; v{y) = a} is finite. On the other hand /x-stationarity of u 
implies that Xq is supp/i-invariant. Hence the barycenter of Xq is supp/i-invariant. This contradicts 
the first condition in hypothesis H. It follows Xq = 0, hence v has no atom. 

For the second assertion we can repeat the first part of the above argument. Thus we consider 
the set W of affine subspaces L of minimal dimension such that u{L) > 0. Prom the definition of 
W: v{L n L') = if L,L' eW and L ^ L' . Hence Elgvk ^i^) ^ 1' there exists G W with 
a' = ^{N) = sup^gjy i^(L). Let Wq = {N G W\ y{N) = a'}. Then as above Wq is finite and supp/z- 
invariant, hence if^-invariant, where i?^ is the closed subgroup of H generated by supp/x. It follows 
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that H'^ = {h e H : hN = N,\/N G Wo } is a finite index subgroup of H^. Let h = {b,g) be an 
element of H'^ with |£f| < 1, and /i"*" its unique fixed point. Then for every v gV, Hni„^oo h"v = /i"*". 
In particular, let Vi be a point of N, e Wo (1 < ?■ < p)- Then lim„^oc h"-v, = h+ € {1 < i < p). 
It follows S C\n eWo particular Hat eWo -^i 7^ is a supp/x-invariant affine subspace. This 

contradicts the hypothesis, hence W = 0, i.e. i^{L) = for every afiine subspace LofV. □ 

We complete the result of [BDGHU] concerning nondegeneracy of the tail measure and following 
methods described in [Gr2, Go, B] we prove it under hypothesis H, without any further assumptions. 

Proposition 2.6. The tail measure A is nonzero. In particular, if fj, satisfies hypothesis H, there 
exists k > with P[|-R| > t] > kt~" for t large enough. 

Proof. Define the backward process Rni 
Rq = 0, 

Rn = 7ry((Qi,Mi)-...-(Q„,M„)) =Qi+niQ2 + --- + n„-i<3„, 

where Ilk = Mi ■ . .. ■ Mk- Recall that Rn converges pointwise to R, and R = Rn + n„^", where 

R" — X]fe^ri+i {Mn+i ■ ■ ■ ■ ■ Mk-i)Qk, hence for any n, and R have the same distribution. 

Fix two positive numbers rj and 5 and a point u G suppi^. For any ball U of center u and radius 
^, e = P[ii e J7] is positive. We have, using independence of RJ^ and {Ri,tii) for i < n, 

F\ inf + Ilnx\ > t for some n] = y^Pfmax inf \Ri + Ilix\ < t and inf |^ + n„a;| > t] 

n 

= - V Pf max inf \Ri + liixl < t and inf |.R„ + n„a;| > t]¥\R" e U] 

S ^-^ ^ i<n xeU xeU I J L J 

n 

< - y^Pfmax inf \Ri + Ilixl < t and inf |.R„ + n„a;| > t and \R\ > t] 
e ^-^ '- i<n xeu xeu < < j 

n 

Since P[Mu + Q = u\ < 1, there exist a positive number r] such that 

e = ¥[\Q +{M- I)u\ > 2r/] > 0. 
Moreover there is a large number N such that 



<ip[|i?|>i]. 



i\M\>N]<-. 



Choose 5 = j^:^ and define 



Un = Rn+ n„U - {Rn-1 + tln-iu) = n„_l(Q„ + (M„ - I)u). 

Then 

P[|i?| >t] > e¥[ inf^ \Rn + n„a;| > t for some n] 

> sF[\Rn + n„u| - \Iln\S > t for some n] 

> £P[|U'„| - (|n„| + |n„_i|)^ > 2t for some n] 

= £P[|n„_i|(|Q„ + (M„ - I)u\ - (|M„| + 1)6) > 2t for some n] 
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We define for n > 0, Yn = \Qn + (Af„ — T)u\ — (|M„| + 1)S and wo observe that, using independence 
P[|n„_i|y„ > 2t for some n] = P[|n„_i|ro > 2i for some n] 

> P[|n„_i| > 2t/77 for some n]P[yo > r?] 

> P[max|n„_i| > 2i/??]P[Fo > r/] 



n>l 



On the other hand 

F[Yo>r]] > P[|Q + Mu- w| > 2r; and |M| < TV] 

> F[\Q + Mu-u\>2t]]-¥[\M\>N] 

> I 
- 2 

Since E[log|Afi|] < 0, E[|Afi|"] = 1, we can use Cramer estimate of ruin (see [F], p. 411) for 
P[max„>i |n„_i| > 2</?7]. This gives the existence of C > (depending of Hr only) such that 
P[max„>i |n„_i| > 2t/ri\ > Cr]"t-". Finally 

F[\R\>t]>'-^t-''- 

Hence we can take k = By definition of A, A ^ 0. □ 

Corollary 2.7. The function x i— > \x\" is not u-integrable. 

Proof. The relation Jy |a;|"!/(da;) = oo follows from P[|i?| > i] > kt'". □ 

Corollary 2.8. Assum.e furthermore that there is no suppfx-invariant affine subspace. Then, for 

every affine subspace W of V, A(W) = 0. 

Proof. We use the formula for A obtained in [BDGHU], Theorem 1.6: 

A=— [ g{u-Ji*iy)X°'{dg), 

Tna Jv 

where A" is a Radon measure on Gfz equivalent to the Haar measure of G-p and rua was defined in 
hypothesis H. Let W be an affine subspace of V and X c W a, compact subset with A(X) > 0. 
Then 

/ {,y-lJ*,y){g-^X)X"{dg)>0. 
Jv 

Hence, for some g G Gj[: 

{u --p*u){g-'^X) > 

and 

i^ig-^X) = Ti* v{g-^X) + {v--i* v){g-^X) > 0. 
In particular v{g^^W) > 0, which contradicts Lemma 2.5. The conclusion follows. □ 

The properties of rjy that will be useful are contained in the following Lemma 

Lemma 2.9. Assume that ^ satisfies hypothesis H. Then the sequence 

n 

(2.10) Zn = Y,Mk-i...Mo 

k=l 

converges P-a.e. to Z = Y^'^=i ^k-i ■ ■ ■ Mq- For any v € V, the law of Z*v is the unique stationary 
measure r}v of the Markov chain on V defined by (1.2). 



CONVERGENCE TO STABLE LAWS 



10 



If V ^ Q then for any x ^ V, F[M*{x + v) = x] < 1. In particular the recursion (1.2) satisfies 
hypothesis H, the measure riv has no atoms and has all moments sm,aller than a, i.e. r]v{T^) < oo 
for 6 < a and riv{T°') = oo. 

Moreover for every c G Z{jl), the centralizer of G-p in G, rjc^vif) = Vvif ° c*) for f G Cb{V). 

Proof. If suffices to show the convergence of {Zn{uj)x,y) for any x,y G V. But {Zn{uj)x,y) = 
{x, Z*{Lo)y) and since E[log |M*|] < 

n 

Z*{u,) = lim MS {co}... M,*_i (u;)) 

n— >oo \ ^— ' / 
fc=l 

exists P-a.c. and also the existence and uniqueness of r]v is clear (see [BDGHU] for some further 
explanations) . 

li X G V satisfies M*{x + v) = x P-a.e. then for any g G supp/I, v = {g*)~^x — x. Therefore 
putting into the last equation two arbitrary elements belonging to the support of /I, say g and g' , 
we obtain {g*)~^x = {g'*)^^x. U x this implies 1^1 = \g'\, which contradicts hypothesis H, since 
\g\ {g e supp/l) takes at least two different values. Thus, hypothesis H is valid and by Lemma 2.5, 

r/v has no atoms and rjy{T^) < oo \i 9 < a. Also riy{T°') ~ oo, by Corollary 2.7 
For the last assertion notice that if / = for some U C V and c G Z(jl), then 

r/c.„(l[/) = ¥[Z*c*v G [/] = ¥[Z*v G (c*)"! • U] = t]^{1u o c*). 

□ 



3. Fourier operators and their spectral properties 



3.1. Analysis of the Fourier operators. On continuous functions on V we introduce as in [LPl] 
the seminorm 

r,i . \f{x)-f{y)\ 

[j\e,\ - 



sup 



and the two norms 
(3.1) 



/y t{x - yY{l + t{x)Y{1 + T{y)Y 
1/(2^)1 



l/|6 



sup ■ 



7 (1 + T{x)f 
\\f\\9,e,X=\f\0 + [f]e,X 

Notice, that \i \ + e <9 (that will be always assumed), then [f]e,\ < oo implies \ f\e < oo. 
Define Banach spaces 

Q = {/: l/|e<oo}, 

= {/ : < Ooj. 

On <Ce and IBe,£,A we consider the transition operator 



(3.2) 



(3.3) 



Pf{x)=¥. f{Mx + Q) = / f{gx + b)fi{dh), 



H 



where {Q, M) is a random variable distributed according to the measure jjL. We consider also the 
Fourier operator P„ defined by 



(3.4) 



Pvf{x) 



E 



^i{v,M-+Q) f^Mx + Q)] = PiXv.f){x), 



where v G V and Xv{x) = e^^^'^^K Notice Pq = P. We will prove later (Lemma 3.7 and Proposition 
3.9) that the operators P„ are bounded on Me^^^x for appropriately chosen parameters 6, e, A. It 
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follows from the inequality in Proposition 3.9 below and the Theorem of lonescu Tulcea and Mari- 
nescu [ITM] that all the operators have at most finitely many eigenvalues of modulus 1, they 
have finite multiplicity, and the rest of the spectrum is contained in a ball centered at the origin of 
radius less than 1. Moreover, for \v\ small, the perturbation theorem of Keller and Liverani [KL] 
provides uniform control of these spectrums. Namely the spectrum and spectral properties of P 
can be approximated in an appropriate way by the corresponding features of operators P„ . All the 
details will be given below. For an operator A we denote by <t{A) its spectrum and by r{A) its 
spectral radius. After a few lemmas we will apply [KL] to our situation. 

For random variables {X^} defined in (1.1) we consider partial sums = Y^k=i -^k- 

The following simple lemma is the basis of the use of spectral methods in limit theorems for 

functionals of Markov chains. 



Lemma 3.5. We have 



p:f{x) = E xv{s:)f{x:: 



Proof. If n = 1, then the formula above coincides with definition (3.4). Assume the result holds for 
n. If {Q, M) is independent of we write 



3n+l 



Xv{Mx + Q)P^J{Mx + Q) 

xv{Mx + g)x.(^f "+'^)/(^f "+'^) 



= E 



Xf ('S'^?+l)/(^n+l) 



= E 
= E 

that completes the proof. 

We will need the following inequality, valid for any /? e [0, 1]: 

(3.6) \e''^''^y'^ -l\<2T{xfT{yf, for every </?< 1. 

Lemma 3.7. For every f S n G N and 6 < a. We have 

\P:f\e < D\f\e 

with LI = 3*^ [2 + sup„ E[t(X„)^]] < oo. 
Proof. Notice first that 

(3.8) x^ = xy + nn{x-y), 

where n„ = MnMn-i . . . Mi. Therefore by Lemma 3.5, for every a; e ^ we have 



□ 



\p:.fi^)\ 

(1+T(a;))« 



< E 



|/(X-)| (l + r(X-))^ 



{l+T{X^)r (1+T(X))^ 

(l+r(X„) + |n„|T(x))^ 



{l + r{x)r 



<3Vle(l+Er(^„)' + «"(^)). 



Since ^ < a, in view of (2.1) the factor of \f\e above is bounded hy D = 3^ [2 + sup„ E[r(X„)^]] < oo 
and the lemma follows. □ 

Proposition 3.9. Assume 2X + e < a, s < 1 and 6 < 2A. Then there exist constants Ci, C2 
p < 1 independent of v such that for every n gN, f G ^e,s,x, v gV 



[P:fkx<Cip"[f]e,x + C2T{vr\f\e. 
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Proof. We have 



■E 



{Xv{S^n)-Xv{Sl))l{X-n) 



Let us denote these two functions above by Ai and A2, respectively, and estimate first Ai 



t{x - yy{l + t{x))^{1 + T(y))-^ 



<[/]s,A-E 



t(x - y)s(l + t(x))^(1 + T(y)y 



|n„|^(l +t(X„) + |n„|r(a;))^(l + t(X„) + |n„|r(y)) 



(l + r(x))^(l + r(y))^ 

Expanding the expression in brackets we obtain a sum of 6 factors of the form E[|n„|''T(X„)T] for 

3+2 





/3 + 7<£ + 2A<a. Applying the Holder inequality with parameters p = ^i^, q = in view of 



(2.1), we have 



E 



for p^^-y = k{P + j)p, strictly smaller than 1. Therefore if C'l = 3^'^"'"^ sup^ ,y C/3^-y and p 
sup fj ,yP 13^^ < 1, then 



(3.10) 



|Ai(a;,y)| 



< Cip^lfkx- 



t{x - yy{l + T{x)y{l + T{y)y 

Now wc arc going to estimate A2. Define the random variable B„ = 1 + |ni| + • • • + |n„|, then for 
5 < min{l,a} we obtain 

n 

E[Bi] = E[l + |M„|B„_i]' < 1 + K{S)E[Bi_,] < ^^^■(5). 

j=0 



Therefore 



sup EE* = 



< 00. 



1 - k{6) 

Assume T{y) > t{x). Applying (3.6), we write 

\Xv{S^) - Xv{Sy)\ < 2T{vrT{Zr,rT{x - yf < 2t{vYBIt{x - yf 



therefore 



\^2{X.V)\ 



t{x - yY{l + t(x))^(1 + T{y)Y " ^^^^^''-^'^^ 
<2r(.)1/|,Er^"(^ + ^™ + |n"l^(^»' 



{l+T{x)Y{l + T{y)Y 



BlT{x-yr{l + T{X-)f 
t{x - yY{l + t{x)Y{1 + T{y)Y 

< 2 • 3'Tivr\f\eE\B^^T{Xn)' + B^(l + |n„n 



Applying as before the Holder inequality we prove that the expression in brackets above is bounded 
and 



(3.11) 



\^2{x,y)\ 



Tix-yyil + rix)Yil + T{y)y 



< C2T{vY\f\e, 



with C2 = 2 • 3^ sup„ E[B^t(X„)^ + B^(l + |n„|^)] . Finally combining (3.10) and (3.11) we obtain 
the Lemma. □ 
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Lemma 3.12. If X + 2e < < a and 6 < e, then there exists a constant C, such that for every 7 
satisfying X + 2e < 'y < 6 and v,w G V: 

\{Pv-Pw)f\j<CT{v-w)^\ 



\\e,E,\- 



Proof. Using (3.6) we have 



{Pv - Pw)f{3 



{1 + t{x))^ 



< 



{Pv - p..){f - fmix) 



{1 + t{x))'< 



{Pv - Pv.){f{0)){x) 



< E 



1 



i{v—w,Mx+Q) 



\f{Mx + Q)~f{0)\ 



(1+t(x))7 
t{Mx + Qf 



{i + T{x))-y 

1/(0)1 -E 



_ ^i(v-w,Mx+Q) I 



{t{Mx + QY{1 + t{Mx + Q)Y 



+ 2T{v-wY\f{Q)\-E 



{l + rixY-i 

t(Mx + Qf 



{1 + t{x)Y 

where C = 2sup^E[(r(Ma; + Q)^' + 1)/(1 + r(a:))^'] for X' = \ + e + 5 < 6. 



<CT{v-wf\\f\\e,e,X, 



□ 



Lemma 3.13. The unique eigenvalue of modulus 1 for P acting on Co is 1. The corresponding 
eigenspace is CI and the projection on CI along the hyperplane Keiu = {f € Ce : v{f) = 0} is 
given by the map f u{f) . 

Proof. Of course constant functions are eigenfunctions of P with eigenvalue 1 and P acts on Cg 
in view of Lemma 3.7. In fact there are no other elements of Ce satisfying Pf = f. Indeed, 
let / be such a function, then for every x £ V, limn^^P"f{x) = f{x). On the other hand, 
lim„^(x) -P"/(2;) = liiUn^oo 1E/(X^) = v{f) (recall that the law of {X^} tends in distribution to 
v). Hence f{x) = ^{f) for every x € V, and / must be a constant. Furthermore, wo observe that 
Co = Kerv ® CI and / = (/ — i^{f))l + f^(/)l. The assertion for the projection of / follows. 

To prove that there are no other eigenvalues of modulus 1 we proceed similarly. Assume that for 
some z of modulus 1 and a nonzero function f GCgwe have Pf = zf. Then lim„^oo P"f{x) = ^{f), 
but P'^f(x) = z"f{x) and if rj would be different than 1, the sequence z"/(.t), for every x such that 
f{x) 7^ 0, couldn't converge to a constant. This implies z = I and finishes the proof. □ 

Lemma 3.14. Assume that no affine subspace of V is supp^-invariant. Then for every v 0, the 
equation Pyf = zf, \z\ = 1, / e ^o,e,x implies / = 0. In particular the spectral radius of Py is 
strictly smaller than 1. 

Proof. We proceed as in [GLl]. Assume that 

(3.15) PJ = zf 

for some nonzero / e Mo,s,\ and \z\ = 1. Then the function / is bounded. Indeed for every n 

\f{x)\ = \z-f{x)\ < P-{\f\){x) 

hence 

\f{x)\< hm P"(|/|)(x) = z.(|/|). 

n — ^cx) 

Next observe (i^, z/(|/|) — |/|) = 0, therefore, since / is continuous, on the support of v the function 
I/I is equal to its maximum and without any loss of generality we may assume that this maximum 
is 1. A convexity argument, Lemma 3.5 and (3.15) imply that for every n and x G suppv. 

0"/(a^) = e'<'''^">/(X^) Pa.s. 
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Hence for any x,y ^ suppj^ 
(3.16) 



J{v,Zn(y-x)) 



fivY f{xiy 

where Zn was defined in (2.10). Observe that taking p = and q = ^^x^, by the Holder 

inequality we have 



Um sup E 



< [/],,AlimsupE T{Xl-Xlf{l + T{X-^))\l + T{Xl)y 



UmsupE r(M„ • • • Mi(x - v)Y{l + t{XI))\1 + T{Xl)y 



< 



[f]e,xT{x - yf limsup (e|M„ . . . Mi|2^+^) ^ . limsup ( E [(1 + r(X^))^+i (1 + T(X^))^+i 



In view of (2.1) the last term is finite and since 2A H 



lim E 



e < a, hm„^oo (2A + e) = 0, hence 



0. 



Therefore for P a.e. trajectory w there exists a sequence {rife} such that 

fixi.) 



lim 



1. 



Notice that, in view of Lemma 2.9 lim„^oo ■^ri(w) = Z{uj) exists P-a.e. Hence passing with n to 
infinity in (3.16) we obtain ^ = ^-i(v,z(u,){x-y)) f^j. ^^ (. ^ith P(rio) = 1. Then for every 

u) e Oo, e~^''^'^'^^'"'^^~y'>'> = 1. We are going to prove that this leads to a contradiction whenever 
V ^ Q. We choose points Xj,yj G supp v, j = 1, . . . ,d with Vj = Xj — yj spanning F as a vector 
space. Such points exist because the support of as a set invariant under the action of supp/x is 
not contained in some proper afiine subspace of V. Let r]v be the law of W{ui) = Z*{uj)v. Then 
for every j the support of rj^ is contained in the union of affine hyperplanes Unezi-^j + nSjVj}, 
where Hj is some hyperplane orthogonal to Vj and sj are appropriately chosen constants. Taking 
intersection of all such sets defined for every j we conclude that suppr/^ is contained is some discrete 
set of points, hence supp??^ is discrete. This contradicts Lemma 2.5. 

For the last assertion wo observe that in view of Theorem of loncscu Tulcea and Marinescu [ITM] , 
if z belongs to the spectrum of Py and |z| = 1 then z is an eigenvalue of Py. 

□ 



3.2. A perturbation theorem. For c e Z(/^) U {0} we denote Pc,v 
\c\ — > 0. We observe that Z{'p), the centralizer of G-p in G, contains 1 



= Pc»y and we write c — > for 
i^, Z-p and 



Pc,vf{x) 



Xv{c{gx + h))f{gx + h)ii{dh). 



H 



In view of Lemmas 3.7, 3.12 and Proposition 3.9 wc may use the perturbation theorem of Keller 
and Liverani [KL] for the family P^^y (the hypothesis concerning the essential radius is fulfilled by 
a result of Hennion [H], Corollary 1). Their result is stated for the case when the parameter is real, 
but what they really use is the Holder continuity in Lemma 3.12, which is valid also in our more 
general settings. Then we obtain the following. 

Proposition 3.17. Assume e<l, X + 2e<0< 2\, 2\ + e < a, v & V is fixed then there exist 
tQ>Q,5>Q, p<l — 5 such that for every c e Z(jl) U {0} with \c\ < t^: 
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• The spectrum of Pc.v aeting on V>e^e,\ is contained inV = {z : \z\ < p} U {z : |z — 1| < 5}. 

• The set (j{Pc,v)'^{z : l^— 1| < 5} consists of exactly one eigenvalue k{c,v), the corresponding 
eigenspace is one dimensional and moreover linic^o ^(C) ■*^) = 1- 

• If '^c,v is the projection of Pc,v onto the mentioned above eigenspace, then there exists an 
operator Qc,v such that \\Qc,v\\ < P, '^c,vQc,v = Qc,v'^c,v = and for every n 



P^J = k{c,vrn,M) + Qlv{f), 
For any z belonging to the complement of V: 

\\iz-Pc..)-'f\\e,e,x<D\\ 

for some constant D independent of c. 



9,e,\, 



Define for small |c| the function gc^v = t^c,v{^)- Then for every function / belonging to Mg^^^x, we 
define Uc,v{f) e Cg by nc,v{f) = VcAf)9c,v 

Proposition 3.18. Assume additionally that A + 3e < 9 , 2A + Se < a. The identity embedding of 
'^e,e,\ into Mg^g^x^^ is continuous and the decomposition Pc^v — k{c,v)nc,v +Qc,v coincides on both 
spaces. Moreover there exist constants D and t\ such that for \c\ < ti, c G Z{jl) U {0} we have, if 
t{v) < 1 

z) \\{Pc,v-P)f\\eM<D\c\'\\f\\0,eX 

a) \\{Hc,v)nc,v - Tro)f\\g^e,X+e < D\c\' \\f\\0,e,Xl 

Hi) Ut^cv - T^o)f\\e,e,\+e < -D|c|^ ||/||e,e,A; 

iv) \\{Qc,v - Q)f\\e,e,x+e < D\c\'\\f\\e,eX 

v) \\gc,v-l\We,x<D\c\'; 

vi) \k{c,v) - 1| < D\c\^ 

vii) i^cv is bounded on B^.e.a and \i^c,vif) - '^if)\ < D\cf\\f\\e,e,x- 

Proof. The triple {6, e,X + e) satisfies assumptions of Proposition 3.17, and of course 

II • \\e,s,x+s < II • \\0,E,x, 

therefore considering the family of operators {Pc,v} on both Banach spaces Mg^^^x.^.^ and Bg^e^A we 
obtain the same decomposition of Pc^y . 

To prove i), in view of Lemma 3.12, it is enough to estimate 

UP -p)(f)] -cup \iPc.-p)m-iPc.-p)ny)\ 



< sup 



:\\xA<-x-[)-i\\I(x-n- f[X[: 



= Ai + As. 



:[Lvr(rAi)-x.(rA7)||/(A7)| 



Next we have, using (3.6) 

Ai < 2|cn|j 

< 2icnij 



|e,e,ASupE 



T(Xf )V(Xf - XIY{1 + T(Xf ))^(l + T{X\)f 



l|e,e,AE 



t{x - yy{l + T(a;))^+=(1 + T(y))^+^ 
Ml] +T(Qi)r|Mi|^(l + |Mi| +r(Qi))2^^ 
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Reasoning as in Proposition 3.9, one can prove that the expected value above is finite. Similarly we 
estimate ^2{x,y): 



< supE 

xjty 

< Icl^llf 



< D\c\' 



Ix.icXf) - x.{cXf)\ . ) - /(0)| + 1/(0)1) 



|e,e,ASUpE 



t{x - yy{l + t{x))^+^{1 + r(y))^+= 

rjXf - XyyiriXfril + rjXf))^ + l) 
t{x - yy{l + t{x))^+^{1 + r(y))^+= 



\\e,e,x^ 



|Mi|^(l + |Mi| + r(Qi)) 



Again arguments from Proposition 3.9 prove that the foregoing value is finite. Similarly we prove 
|(Pe,. - P)if)\e < 2|c|^|/|e that gives i) 

In order to prove ii) and iii) wc will use the fact that both tt^^ and Qc,y can be expressed in 
terms of the resolvent of Pc,v We follow arguments in [LP2] 



k{c,v)'jTc,v = -J^ [ z{z-Pc,v) ^dz, 

zm J\z-i\=5' 



1 

2^1 



\z-l\=S' 



271-1 J\z\=p' 

for appropriately chosen constants 5' and p' . Then combining the formulas above with 

{Z - P)-^ -{Z- Pc.v)-^ = (Z - Py^P - Pc,v)iz - Pc,v)-\ 

the point i) and estimates of the norm of resolvent (Proposition 3.17) we conclude ii), iii) and iv). 
v) is an immediate consequence of ii). To prove vi) we write 

(A:(c, v) - 1)tto = k{c, v)7Tc,v - ttq - k{c, v){-Kc,v - ttq), 

apply {k{c,v) — 1)tto to 1 and we use ii) and iii). Similarly, writing 

i'^c,v{f) - J^o(/))l = 7rc,i,(/) - 7ro(/) - i^c,v{f){9c,v - 1) 

and applying iii) and v) we obtain vii), that finishes the proof. 

□ 

Lemma 3.19. For fixed v the function c i— > r{Pc,y) defined on Z{]I)[J{0} is continuous at 0. More- 
over for any f e Mo,e,x, co S Z{'p) withrf{Pc,v) = limsup„ ||-P"„/||", we /laue lim supg^^o ffiPc,v) = 

rfiPco,v)- 

Proof From Proposition 3.17, r{Pc,v) = \k{c,v)\ for c small, hence the continuity of r{Pc,v) follows 
from Proposition 3.18. Using again Proposition 3.18, for any fixed / and n, ||-P"„/||" depends 
continuously on c. Hence limsup^^^^, ||-P(!\,/|| " = rf{Pc.v) is upper semicontinuous in c. □ 

3.3. Eigenfunctions of Pc,v Proposition 3.18 says that the dominant eigenvalues k{c,v) of Pc,„ 
tend to 1 with rate at least |c|^. However to prove our Main Theorem we will need more precise 

information concerning the asymptotic expansion of k(c, v), that will be described in Theorem 5.1. 
For this purpose, following ideas of [GLl] we will express the eigenfunction corresponding to k{c, v) 
in a more explicit way. 
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For c e Z{fi} U {0}, let us define a family of operators on the Banach space Mg^^^y. 



Tc,,f{x)=E\e'^Q'''^^+^'>^f{M*{x + v))\ = [ Xbic*{x + v))f{g*{x + v))f,{dh) 



Jh 



Then Tv = Tq^v and we have T*r]v = rjv, where rjv is the stationary measure of the Markov chain 
{VFn} defined in (1.2) (sec also Lemma 2.9) 

It turns out that the family {Tc^v} satisfies assumptions of the perturbation theorem of [KL] and 
also the analogue of Lemma 3.13 is valid in these settings, i.e. the set of periplierical eigenvalues 
consists of one element 1 and rjy is the projection onto the corresponding one dimensional eigenspace. 

We omit the argument, because this can be proved exactly in the same way as for the family 
{Pc.v}- Therefore for small values of |c|, the spectrum of Tc^v intersected with some neighbourhood 
of 1, consists of exactly one point k'{c,v), which is the dominant eigenvalue of Tc,v. Let us denote 
the corresponding projection by tt^ ^ and as before define, for every / e Be,e,A, Vc,v{f) to be the 
unique number such that 7r^_„(/) = r]c,v{f)n'^^^{l), hence ?7c,i;(l) = 1 and T*j,r]c,v = k' {c,v)r]c,v. 
Reasoning as in Proposition 3.18 one can prove 

Proposition 3.20. There exist constants t2, C and D' such that for |c| < t2, c e Ziji), and every 

f G Me^cX we have 



VcAf)-Vvif)\<C'\c\'\\f\\e,e,x- 



In particular 



VcAe,e,x<-i- + C'\c\' <D', 



if\c\ < t2. 



One easily verifies that for any x the function Xx is an element of Bg^e^A and moreover 
(3.21) ||Xx||e,e,A< l + 2r(ar)^ 

It follows that for any r] G Mg^s,x the Fourier transform r]{x) = r]{xx) is well-defined and 



|??(x)| < 1 + 2t(x)^ 



The following intertwining relation between Pc*v and T*^ plays an essential role in the calculation 
of the expansion of k{c, v) (c e Z{jl)). 

Lemma 3.22. For any c G Z(ji) U {0}, vGV,'nG ^ 



Pc*.(??oc)= (T,>)oc. 



Proof. We observe that, since c G Z{ji) U {0} 




On the other hand 




yi{TcAXcx)) = {Tl,r]){cx). 



The lemma follows. 



□ 
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Lemma 3.23. Suppose e < 1/2. There exists such that for \c\ < ts, c G Z{ij) U {0} the function 

is a nonzero element ofMg^^^x and is an eigenfunction o/Pc,t> corresponding to the eigenvalue k{c,v), 
i.e. 

(3.24) PcA'^c,v) = k{c,v)ipc,v 

Moreover k'{c,v) = k{c,v) and 

Proof. First we shall prove that Vc,i) is an element of Me,e,\- In view of Proposition 3.20 and (3.21) 
we have 

To estimate [V'c,w]e,A we define the function 

Xcx 



iy) 



t{x - x'fil + T(a;))^(l + r(a;'))^ ' 
Then we have 

|c|^r(.T - x'YtIjiY 

sup \g,,,,,,\e < 2 . sup _ + ^(^))A(i + ^(;,,))A(i + ^(y)). ^ 2|cr 

Next we have, since 2e < {1, A} 

\xcx(.y) - Xcx'iy) - Xcx{y') + Xcx'{y')\ 



sup [5e,.,.']e,A SUp SUp _ _ ^ ^ ^ ^ 

< lxcx(t/ - y') - i| + |xcx'(y - ^0 - i| 

- ,(,_,,)<P(,_,.) T{y - y'Y^{l + r(y))A(l + T{y'))\l + T(a;))Ml + t{x'))^ 

2(|cp^T(.T)'^^ + T(.T')^'^)T(j/ - y'f^ 

" r(y-y^<rix-x') r{y - + T^^l + r(2/'))'(l + r{x))\l + T{x')r 

that proves sup^_^^, \\gc,x',x\\0,e,x < 4|cp^ Finally 

bPt,v]e,X = SUp{7]c,v,gc,x,x') < \\Vc,vh,e,\ SUp \\gc,x,x'\\e,e,\ < 4|c|''(l + C\c\^) < 00, 
x^x' x^x' 

and we obtain ipcv € Mg^s,X- Next notice, using Lemma 3.22 

Pc,v{'4'c,v){x) = {Tly'nc,v){Xcx) = k'{c,v)rjc,v{cx) = k'{c,v)'4)c,v{x), 

but for |c| small enough there exists only one eigenvalue of Pc^v close to 1, hence k'{c,v) = k{c,v). 
The last relation is a direct consequence of Pc,v''Pc,v = k{c, v)tlJc,v and the form of Pc,v D 

4. Some technical lemmas 

4.1. Some further properties of the stationary measure v. In the next section very often 

will appear expressions of the form Jy f(c, x)v(dx), c S Zijl) U {0} and we will be interested in their 
behavior for small values of |c|. We denote Ziijl) = {c G Z{jl) U {0}; |c| < 1}. We will need the 
following: 
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Lemma 4.1. Let f be any continuous function on Zi{ii) x V satisfying 

l/(c, x)\ < Ds^p\c\'+^T{xy, for t{cx) > 1, 

\f{c,x)\ < Ds,^\cf+^T{xy, forricx) < 1, 
where P<a, 'j + S>a and i5 > 0. Then 

1 f 

lim -T—r- / f(c,x)i'(dx)=0. 
c^o,cez(7i) |c|« Jv 

Proof. Notice that taking the function f{x) = l{T(a;)>i}) by (2.2), there exists C > such that 
(4.3) iy{T{x)>t)<Dt-", 

for any t > 0. Wc divide the integral into three parts and study each of them independently. For 

appropriately small values of |c| wc have 



1^/ f{c,x)u{dx) < \cr+'r{xr,y{dx)<Ds,^u[T{x)<l]\c\^+'-" 

-I Jt{x)<1 |C| Jt{x)<1 

,i / fic,xHdx) < DsM'^'-'^ I 

[-log2 |c 



< £)5,^|cP+''-" j T{xyp{dx) 

[-log^lcll 1 r 1 
- o>7l I ^ ('9" /-Pit O.n+l r ^ ' 



„ (2"|c|)T 

n=0 ^ ' '-^ 



[-logsicii r-iog2kn 

Ti=0 ^ I n=0 



If a < 7 then the foregoing sum can be estimated by some constant or | log |c| | and the expression 
converges to zero. On the other hand if a > 7, the sum is smaller than Ds^^\c\'^~"- and multiplied 
by \c\^ converges to zero. Finally 

^ / f{c,x)v{dx) < D,^p\c\P+'-'^ £ / T{xYv{dx) 

\''\ Jr(x)>^ ^J^^<r(x)<--^ 



n=0 II II n=0 

Of course the same proof gives the second part of the Lemma. □ 

4.2. Some properties of the eigenfunction ^c,w Up to now, we have not taken any care about 
precise values of parameters 9, e, A. However, we will need some further hypotheses, and from now 
on, we will assume additionally that 

if 1 < a < 2, then 1 + A + £ > a, 

(4.4) if a = 2, then A + 2e > 1. 

if a > 2, then A = 1. 

It can be easily proved that there exist 9, e, A satisfying all the assumptions of Propositions 3.17, 
3.18 and the condition above. 



CONVERGENCE TO STABLE LAWS 



20 



[Xcx-lkx < SUp _^^^ ^^^^^ , ^W.^^A <Mcxr 



Lemma 4.5. There exists D" such that 

\^cAx)-Vv(.cx)\ < D"\c\^'t{xY, forT{cx)>l, 
l-tpcvix) - r]v{cx)\ < D"\c\^t{cx)'^, forT{cx)<l, 

for ri = minjl, A + e}. 

Proof. Let us first estimate the norm ||xcx — l||6i,£,A- Let < /3 < 1. We have, since r] <1 
|Xcx-l|e < 2t{cx)'> 

2T{cxyT{y - z)'' 
T{y - zy{l + T{y))^{l + T{z)Y 
which proves 

(4.6) \\Xcx-l\\0,e,X<^T{cxy. 

Therefore, by Proposition 3.20, and the expression of ■^cw given by Lemma 3.23 

\i}c,v{'^) - nv{cx)\ < \{r]c,v - Vv,Xcx - 1)1 < C"|c|^||xcx - l||e,£,A < 4:C'\c\^t{cxY. 
For t{cx) > 1 wc need better estimates. By Proposition 3.20 and (3.21) we have 

\iPc,vix)-Vv{cx)\ = \{Vc,v-Vv,Xcx)\ < C"|c|^||xcx||e,.,A < C \c\' {l + 2t{cxY) < 3C'\c\'T{cxr, 
if t{cx) > 1. The result follows with D" = AC. □ 
Corollary 4.7. If a<2, then 

X TT^ / {Xv{cx) - 1) {i^c,v{^) - riv{cx))v{dx) = 0. 
c^o,cez(7i) jcp Jv 

Proof. We will apply Lemma 4.1 for f{c,x) = (^Xv{cx) — l){^tpc,v{x) — fjv{cx)). Let's check that its 
hypotheses are satisfied. For t{cx) > 1, by Lemma 4.5, we have 

\f{c,x)\<D\c\'^r{xr. 

Next for t{cx) < 1 and 77 as above 

\f{c,x)\<D\c\' ■T{cxy+^ 
and in view of (4.4), 1 + 77 + e > a, so the hypotheses of Lemma 4.1 are fulfilled. □ 
4.3. Eigenvalue k{c,v) of Pc.v From Lemma 3.23 we obtain, if c € Ziji) U {0} 
(4.8) (/c(c, v) - lyii^cv) = v{i^c,v{Xc'v - 1)), 

for tfjcv = Vc,v o c The formula will be crucial in sections 5 and 7 to describe asymptotic behavior of 

the function c fc(c, f) near zero. One can easily prove that I'iijJc.v) goes to 1, hence to imderstand 
behavior of k(c,v) near 1 one has to describe the integral above for small |c|. For some technical 
reasons we will need also speed of convergence of i'(V'c,i)) to 1. 

Lemma 4.9. Assume v is fixed. Then there exists D'" > and ts > such that for \c\ < ts, 
c e Z{'p) U {0}, we have 

Proof. We use the formula ipc,v{x) = ric,viXcx) for |c| < t^. Then by Lemma 3.23 and formulae (4.6) 
and (2.1) we have, with C = sup^^^^f^ \\'nc,v\\e,e,x 

|l - i^(V'c,t>)| < / \{Vc,vA - Xcx)\'^idx) < D' \\1 - XcxWe^cXi^idx) 
Jv Jv 

< £)'|c|™{l,A+£} f ^(a;)min{l,A+£}j^(^^) < £,///|^|min{l,A+e}^ 

Jv 



CONVERGENCE TO STABLE LAWS 



21 



with D'" = D' jy r(a;)™{i'-^+'^>i^(da;). □ 

5. Asymptotic expansions of eigenvalues k{c, v) in the Euclidean case 

The purpose of this section is give asymptotic expansions of the cigcnvahies fc(c, f) when |c| goes 
to 0. First to present main ideas of the proof we will consider the Euclidean case, then \x\^ = X^^i • 
If q; < 2, we take c e Z-p- If a > 2 we take c = t G M^. The main result of this section is the 
following 

Theorem 5.1. (1) 7/0 < a < 1 then 

k{c,v) - 1 

lim — p = Ca(v) 

c^o,ce% |c|« ^ ^ 

where 

Ca{v) = / {xv{x) - l)r]y{x)A{dx) 



and Ca{c*v) = |c|"Ca(i;) for any c G Zj,;. 
(2) Ifa = l then 



for 



lim kic,v)-l-i{v,m) ^c^{v), 



Ci{v) = ({x.{x) - - A(dx), 



and e(c) ^ jy^^^^y{dx). Moreover \^{c)\ < /(z;)|c|| log |c|| for \c\ < 1/2 and |^(c)| < 
I{v)\c\ for \c\ > 1/2. Furthermore Ci{c*v) = \c\Ci{v) + i{v, P{c)) with (i{c) = Jy - 

(3) // 1< a < 2 

k{c,v) - 1 - i{v,cm) 

hm — — = Ca(v), 

c^o,cez^ |c|" ^ ^ 

where 

Ca(w) = J (^{xv{x) - l)r]y{x) - i{v,x)^A{dx) 

and Ca{c*v) = \c\°'Ca{v) for any a € Z-p. 

(4) //a = 2 

fc(c,f) - 1 - z(v,cm) 

hm i-p57-j ni = 2(72 (w), 

c^o.cez,^ c 2 log c 



where 

C-2 



and Ci{(fv) = \c\'^C2{v) for every c e Zp-. 
(5) // a > 2 i/ien 

- 1 - i(t;,tm) 

T2 = ^2+(^)' 

C2+(w) = -^q{v,v)- ^{v,m)'^ - q{v,{I - z*)~'^z*v). 
To prove the Theorem we shall consider each case separately. 
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5.1. Case: a < 1. Let us write 



^ 1^ J i^^i^^) ~ l) ■ {^-^c,v{x) - rjy{cx))v{dx) + j {xv{cx) - l)rj^{cx)v{dx) 

and notice that by Corollary 4.7 the first term of the sum above tends to zero. To describe the 
second one, observe that the function = {xv — satisfies (2.3). In fact the characteristic 

function rj^ is bounded by 1, hence also is bounded, and for \x\ < 1, we have |/i,(a;)| < 2\x\. 
Therefore by (2.2) the expression above tends to the constant Ca{v). Finally by (4.8) and Lemma 
4.9 

lim ^} ^ = lim , , • / (yv(cx) — l]it>c vix)v(dx) 

^ ' 1 f 

as c goes to 0. The last assertion is an immediate consequence of the homogeneity of 7]^ given by 
Lemma 2.9 and of the homogeneity of A mentioned in Section 2. 



5.2. Case: a = 1. 
Lemma 5.3. 

lim 



|c 

Proof. We have 



iSo ~ '^)i^c,v) -i{v,iic))^ = Ci{v). 



{Xc'v - l)V'c,'u) = / {Xv{cx) - l)'4}c,v{x)v{dx) 

Jv 

= / {Xv{cx) - l) • {ilicA^) - r}v{cv))u{dx) 
Jv 

(5 4^ + {Xv{cx) - l){rj^{cv) - l)v{dx) 

+ (xv{cx) - 1 - Y^^^ ^{dx) + i{v, ^(c)) 

2 

By Corollary 4.7, converges to 0, as c goes to 0. Next observe that the function /i = 

{Xv — ^){Vv — l) satisfies (2.3). Indeed /i is bounded and for \x\ < 1, from (4.6) 

\fi{x)\ < \xvix) - l\\riv{x) - 1| < 2\v\\x\\{r],,Xx - 1)| < 2|t;||ar|||x. - l\\e,e,x < S\v\\x\^+^+' 

Similarly one can prove that /2(a;) = Xv{x) - 1 - ^^q^ fulfills (2.3). Thus, by 2.2 

which finishes the proof. □ 
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Lemma 5.5. There exists a constant I{v) such that: 

\i^(A\ < / V |c| > h, 

l^^'^^l-l /(^;)|c||log|c||, for\c\<l. 

Proof. For |c| > 1 the Lemma is obvious. For |c| < 1 we write 

1^(^)1 < / 1 Mil ^2 <dx)={ I +[ +[ V , 'ri ,o Vw- 

yyi+ic|2|a;|2 ^ \^4i<i yi<ic.i<^ y^<i^iy vi+ici^Nv 

The first integral is dominated by |c|. In view of (2.2) the third one, divided by |c|, converges to 
i|x|>i T+^p-^(^^)' ^ ^° ^' Filially applying (4.3) we estimate the second integral by 

|log|c|| ^ , |log|c|| 

\cx 



to ^<M<2'=+. l + lcPkP fro 



|log|c|| 

<C|c| J2 2'=+i-2-'=<C|c||log|c||. 

fe=0 

□ 

Proof of Theorem 5.1, part (2). By (4.8) and Lemmas 4.9, 5.3, 5.5 we have 



^^k{c,v)-l-iMc)) ^ j.^ 

c^O C c^O 



v{-4}c,v)\c\ v{ll)c,v)\c\ 



□ 

5.3. Case: 1< a < 2. 
Lemma 5.6. 

Proof. In view of Corollary 4.7 it is enough to consider 

/ {Xv{cx) - l)r]y{cx)iy{dx) = {xv{cx) - l) ■ {fjy{cx) - l)p{dx) 
Jv Jv 

+ / [xv{cx) — 1 — i{v,cx))i'{dx) + i{v,cm). 
Jv 

Reasoning as in previous cases we prove that the functions /i = (x^ — l) • (r?,; — l) and /2 = x^ — 1— 
satisfy (2.3), therefore (2.2) implies the Lemma. □ 

Proof of Theorem 5.1, part (3). By (4.8), Lemma 4.9 and (4.4) 



k{c,v) — 1 — i{v,cm) 

lim ^ — — ^ = lim 

c^o c« c^O 



^{il'c,v){k{'^, v) - I) - i{v, cm) ^ i{v, cm)(l - i^(V'c,-u)) 



□ 
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5.4. Case: a = 2. 



Lemma 5.7. Suppose we are given two functions on V, f and h such that h{x) = {x,v\) {x,V2) 
for some vi,V2 € V , linix^o = C'o o,nd \ f{x)\ < C|a;|^+'' for some positive constants Co, C 
T] <1. Then 



lim —r^ 

g^O,geGjr \g\^\ log 



l^J^figxHdx)=ColK^)aid 



w), 



where a is the measure on the fundamental domain Si defined in (1-4). 

Moreover the function A{v) = J^^{v,w)'^a{dw) is Gi^-homogeneous, i.e. A{g*v) = \g\'^A{v) for 
every g G G-p. 

Proof. Fix (3 G R-p: such that (3 > 1 and denote by U the annulus U = {x eV : 1 < \x\ </?}. Next 
we fix arbitrary small number ^ > 0. Then there exists s such that 



(5.8) 



h{x) 



for |a:;| < e. 



Without any lose of generality we may assume \vi \ = \v2 \ = 1- Given 2/1,1/2 G we define a function 
on V, hy^^y^{x) = {x,yi){x,y2). We are going to prove that there exists large A e R-p such that 

1 



(5.9) 



I5P 



lu{gx)hy^^y^{gx)iy{dx) 



,{x)A{dx) 



/ '^u{9x)\hy,^y^{gx)\iy{dx) - [ \hy,^y^{x)\A{dx) 
9\ Jv Ju 



for any g G Gp such that |5f| < -j and all j/i,y2 belonging to Si, the unit sphere in V. 

Of course the last assertion, by (2.2), is clear for fixed vectors yi and t/2- However, we will justify 

that also uniform estimates are valid. 



Fix 2/1,2/2 G ^i. Then in view of (2.2) there exists M e Rp such that 



\9\ 



/F Iv ^^^^^^^v^'y^^^^^"^'^^^ ~ ^vuy2{x)A{dx) 



< 



2' 



and 



<1, 



[ lu{gx)\gx\^iy{dx) - [ \x\'^A{dx) 
\9\ Jv Ju 

for \g\ < jj. Choose 5' < 4(^20'iA(u)+i) ■ Define By^^y^{5') to be the ball \nV xV centered at (t/i, 2/2) 
of radius 5' and take (2/1,2/2) G By^^y^{5'). Notice 

~ ^v^^v2{x)\ < \{yi-y'i,x){y2,x}\ + \{y'i,x)(y2 - y'2,x)\ <26'\xf, 

therefore 



191 

< 



^2 [ '^u{9x)hy'^,y'^{gx)iy{dx) - [ hy'^^y'^{x)A{dx 
i\ Jv Ju 

W Iv ^^^^^^i!^y'^^y'^^^^^ ^ hy,,y^{gx)^iy{dx) + (hyi,v'^{x) - hy,,y^{x)^ A{dx) 



+ 



< 



^ f lu{9x)\gx\Mdx)+25' [ \x\^A{dx) + l 
\9\ Jv Ju ^ 



< 2(5' (2/32 A(J7) + 1) + - < (5. 

So, we may find finitely many pairs {(2/i,i, yi,2)}i<i<N and positive numbers Mj e Rp such that the 
balls By. .^^y. 2{S') cover Si. Then choosing Ai = maxi<i<jv Mi we deduce that the first line of (5.9) 
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is satisfied for \g\ < Next we repeat our argument for Ihy^^y^] instead of hy^^y^, we find A2 and 
finally choosing A = maxjAi, ^2} we obtain (5.9). 

For l^l < -J (that will be assumed from now), we divide the integral of / into three parts: 
(5.10) / f{gx)v{dx) = [ f{gx)u{dx) + [ f{gx)u{dx) + [ f{gx)u{dx). 

Jv J\x\<A Ja<\x\<-^ •^l^l>TfT 

Notice first that 



\x\<A 



f{gx)u{dx) 



< {\Co\ +5) [ \h{gx)\iy{dx) < (|Co| + 5)\gfA^ 

J\x\<A 



and by (2.2) 



U2 I f{gx)v{dx) = [ f{x)A{dx) 



Hence 



lim 



J-t-tt( / f{gx)v{dx)+ f{gx)u 

Ogl^ll \ J\x\<A "^kl>TfT 



{dx) = 0. 



Therefore we have to handle with the middle term in (5.10). We will prove 



(5.11) 



li™ T 191, I 
g^o,seGpr \gy\ log] 



1^ I II / f{gx)iy{dx) = [ 



h{x)A{dx). 



Applying (5.8), we write 



(5.12) 



< \Co\ 



I 121 ,— nr / h{gx)v{dx) - I h{x)A{dx) 

\9n^og\g\\ Ja<\x\<^ log/3 i!7 



+ 



l5l^|log|5l 



■ / \h{gx)\i^{dx). 

JA<\x\<t^ 



We estimate the first expression. For this purpose we define K = [ log ^^j^ / log /3j — 1. For r E R-jj; 
we will denote by g{r) any element of G-p such that \g{r)\ = r. To simplify our notation we define 
elements of G-p: gn = g{AI3^) and annulus Un = {x: A^" < \x\ < A/3"+i}. Notice that \gn\ > A, 
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therefore applying (5.9) and Gji homogeneity of A we obtain 



1 



h{gx)u{dx) 



1 



h{x)K{dx] 



' ^ ' log/3 
r-p5T-r — rrr / h(gx)u(dx) - [ h(x)A(d: 



< 



Ix) 



n=0- 
K 



mog\g\\ 



\h[gx)\v{dx) 



Uk+1 



(fl'n^a;)!/(da;) - - — - / h{x)A{d2 

l^0g|ffll„^Q JV Iggnl ' Iggnl 10g/5Jfj 

+ i^^^i^L / ^ (ggK+i)*^i (gg^+ir:»2 (fe+i^;) J^(c!a;) 

\^Og\g\\ Jv \S9K + 1\ ' \99K+l\ 

1 



< 



1 ^ 1 

— y — 

CP I nl I I rtrt. 



h{ggnx)A.{dx) - 



log/3 



/i(x)A(c;x) 



!7 



^(-ft: + 1) 
I log HI 



I log |5 1 1 \\g9K 



- — [7 / |^(ff5'K+ia;)|A(da;) + ^ ) 

(+ir Ju J 



The second term in (5.12) can be estimated using exactly the same arguments. Thus, we obtain 



bl^llogl^ll Ja<\x\ 

Therefore passing to the limit in (5.12) we obtain 



/ \h{gx)\p{dx) < ^-^^^^ ■ ( [ \h{x)\A{dx) + 5]. 

Ja<\x\<-^ lloglflll \Ju ) 



lim sup 



IsPlloglsll }a<\x\<^ 



f{gx)u{dx) - 



Co 
log/3 Ju 



h{x)A{dx) 



< 



log/3 



(^1 + 6 + J \h{x)\A{d 



'x) 



but 5 can be arbitrary small, hence we obtain (5.11). 



Finally to conclude we choose /3 = p if = {p). Otherwise, if Rjc = K!J_, we compute the limit 
as /3 tends to 1. For this purpose, given a e A— and w ^ V wc will write aw = \a\9{w), where 
\0{w)\ = \w\. Then 9{w) tends to w, if \a\ tends to 1. By (1.4) we write 



log/3 



1 



h{x)A{dx) = 

l<\x\</3 iOg/J 7i<|o|<^7si l« 



h{aw)a{d'w)-^^ 



log 

Hence passing with /3 to the limit we obtain 

1 



^[ [ {h{e{w))-h{w))a{dw)^ + I h{w)a{d 

sp Ji<\a\<0 Jsi m JSi 



w). 



lim 



h{x)A{dx) 



h(w)a{dw). 



/5^ilog^ii<|x|</3 

Combining the formula above and (5.11) we prove the first part of the Lemma 
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To prove the last assertion, assume v = vi = V2 and notice that the limit (5.11) does not depend 
on /3, hence if for /3 e Rj[ we define 



log/3 Ji<x<\a\ 



<x<\f3\ 

then Hff in fact does not depend on /3 and moreover H^{v) = A{v). Therefore it is enough to prove 
that 

(5.13) lun Hf,{g*v) = \g\\ lun Hp{v), for g e G^, 

because then 

Aig*v) = lim Hfsig*v) = \g\^ lim Hfs{v) = \g\'A{v), for g e G^. 
Assume |£f| > 1. We apply Gp- homogeneity of A and write 

^f'^S^v) = T^l {v,gxfA{dx) 

= [ {v,xfA{dx) 

^'^^P J\g\<\x\<l3\g\ 

_ |gPlog(/3|g|) „ . . l.9plog|gL , . . 

- — b^:^ — 

Passing with /3 to infinity we obtain (5.13) and finish the proof of the lemma. □ 
Lemma 5.14. We have 



}o!^z- |cP| log |c| 



log|c|| ~ ^^'^"^'"^ ~ = 2G2('u). 

Proof. We begin as in previous cases and write 

{v, {Xc'v - ^)i^c,v) = / (Xvicx) - 1) • {i^cvi^) - rjy{cx))v{dx) 
Jv 

+ I {Xv{cx) - l) • ri^{xcx - 1 " i{cx)*)v{dx) 

JV 

+ j [xv{cx) - l) ■ riy[i{cxy)v{dx) + j [xv{cx) - 1 - i{v,cx))v{dx) 

Jv Jv 
+i{v, cm). 

The first term, in view of Corollary 4.7, divided by |cp goes to zero. The second one divided by 
|cp, by (2.2) has a finite limit. Hence both divided by |cp|log|c|| tend to 0. To handle with the 
third and the fourth expression we will use Lemma 5.7. Notice 

hm ^ = -1, 

X— >o [x,v){x,my) 

lim^^iMfi^,^ = -i, 

x^o {x,v)^ 2 

where = Jyyilv{dy) is the mean of r]y. Hence all the assumptions of Lemma 5.7 are satisfied, 
thus 

I 121/ I II ( / ixv{cx)-l)-r]y{i{cxy)i'{dx)+ [ (xvicx) -l-i{v,cx))v{dx)) = 2C2{v) 

c^0,c6X- |C| \LOg\C\\\JY Jv / 

and the Lemma follows. □ 
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Proof of Theorem 5.1, part (4)- First we will improve Lemma 4.9 and we will show that if a = 2 
then 

(5.15) |1- (i/,^c,^)| < C|c|. 

Indeed, applying Lemma 4.5 and (4.4), we have 

\l - {u,tpc,v)\ < / \^c,v{x) - f]y{cx)\u{dx) + / \xy{cx) - l\r]y{dy)i'{dx) 
Jv Jv Jv 

< C|c|^+2^ / \x\^+^v{dx) + C\c\ [ \x\u{dx) [ \y\r]v{dy) 

Jv Jv Jv 

< C\c\, 

which proves (5.15). Finally, applying Lemma 5.14 and (5.15), we write 

J. k{c,v) — 1 — i{v,cm) ^. i'{ipc,v)ik{c,v) — 1) — i{v,cm) 
c^o.cezp- |c|2|log|c|| c^o,ceZjr i^(V'c,-«)|cp|log|c|| 

i{v,cm){v{ij;c,v) - 1) ^ , . 

c^CcGZf 2^(V'c,j;)|cr| log|c|| 

□ 

5.5. Case: a > 2. Here we replace Z-p: by M^, hence c = t G R!J_. We use expression of ipt^v given 
by (4.8) 

Lemma 5.16. 

l^^(^(z/,(Xto - l)i}t,v) -it{v,m)^ = C^+iv), 

where 

C2+(«) = -^ j {v,x)'^v{dx)- j {v,x)r]y{x*)i'{dx). 

Proof. We write 

/ {Xtv{x) - l)tpt,v{x)v{dx) = / {xtv{x) - l)iyidx) + {xtv{x) - l) {tpt,v{x) - l)v{dx) 
Jv Jv Jv 

= Wiit) + W2it). 



2+S 



Notice that for any 6 < 1 there exists C such that 

e''-l-is + ^s^ <C\s\ 
for every s e M. Therefore choosing 6 < min{l, a — 2} and applying (2.1) with 2 < ^ < a we have 

\im \(Wi{t) - it{v,m}) ^ -I f {v,xfu{dx) + \im \ f ( e'*^"'"'') -1 - it{v,x) + ^^{v,x)Au{dx) 
t— ►o t \ / 2 Jy t— >o t Jv\ 2 / 

= j^{v,xfi'{dx). 
To handle W2 we will prove first that 

(5.17) \\xa:-l-ix*\\e,e,i<C\x\'+\ 
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for some 6 > 0. Indeed, recall that in view of (4.4) we may assume A = 1 and 1 < 9 < 2. We have 
\Xx-l-ix*\9<C\x\^+^ and 



[Xx - 1 - i{x, = sup 



{Xx{y) - 1 - y)) - {xx{y') - l - i{x, y')) 



< sup min 

v¥=y' 



l2/-yt(i + |y|)(i + l2/'l) 

Xxiy) - 1 - i{x,y)\ + \xx{.y') - l - i{x,y')\ \xx{y) - Xx{.y')\ + \{x,y-y')\ 



< C sup 
< C sup 



(l + M)(l + |y'|)V 



(\x\\y-y'\'-^y 



which proves (5.17). 

Now applying Proposition 3.20 and (5.17) we have 

Vt,».(a;)-1 (r?t,^,xt,^ - 1 -ite*) , . ,. , *\ , •/ *\ 

hm = hm h i ma{r]t,v -'nv,x ) + i{riv,x ) 



Therefore we have 



lim ^"^^^^ = 



= iT]v{x*). 

Xtv{x) - 1 ■i/'t,-u(a;) - 1 



t^o t 
hence the Lemma. 



oJv 



t 



t 



v{dx) = — / {v,x)riy{x*)u 
Jv 



{dx) 



□ 



Proof of Theorem 5.1, part (5). First we will prove 



^{i^t,v)-'^-itSvVv{x*)v{dx) 

hm = 0. 

t^o+ t 

Applying inequahty (5.17) and Proposition 3.20 we have 

^{A,v) -I- it j r]y{x*)u{dx) = j [r]t,v{Xtx - 1 - itx*) + it{r]t,v - r}v){x*)^v{dx) 

<C [ Wxtx - 1 - itx*\\e,eMdx) + t^+' [ \\x*\\e,eMdx) < Ct^+^ 
Jv Jv 

Therefore by (4.8) and Lemma (5.16) 

'iy{vJi,r)[I:(t. r) - 1) - //((;, m) i(i/(tVrj - m)' 



k{t. r) - 1 - il{r. Ill) 
lim ^ = lim 



t^ 



v{'il^t,v)t'^ 



<^{i^t,v)t'^ 



^1 , X T tt{v,m){iy{'tlJt,v)-l-ttJyVv{x*)iy{dx)) {v,m) ■ Jyr]y{x*)iy{dx) 
= C2+{v)~ hm i — — --5-!^ -+ hm ^ 



= — ^ / {v,x)^v{dx)— j {x — m,v)r]y{x*)v{dx). 
2 Jv Jv 
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Finally, since < 1 the matrix I — z* = E[/ — M*] is invertible, therefore 



{x-m,v)riy{x*)iy{dx) = / (x - m, i;)E (x, V Mq . . . M^.^t; 

Jv Jv l\ fe^i 

{x — m, (z*)'^v\i'{dx) 



L 
I 



'V ^ 

{x — m,v)(x — m, (^I ~ z*) ^z*v^iy{dx) 
= q{v,{I-Z*)-^Z*v) 

Also 

{v, x)^v{dx) = q{v, v) + {v, m)^, 



X 



iv 

which proves Theorem 5.1 □ 

5.6. Calculations of Cq-(w) in terms of tails (0 < a < 2). Observe first that the function A 
defined in Introduction is homogeneous, i.e. A.{g*y) = |g|"A(7/) if g € Gjj. Indeed for a < 2 this 
follows from (2.4) and for a = 2 this was proved in Lemma 5.7. As in [BDGHU] we define the polar 
coordinates {a{x),x) of a; € V \ {0}, using the decomposition G-p = A-^ k Kji. We denote by Si the 
natural fundamental domain of Aj^ on y \ {0}, i.e. 

• Si ={.t: 1 <,x<p} if i?jr= (p), 

• Si = 5i the unit sphere, if i?jr = 

Then we write x = a{x)x with a{x) e A^j and x e Si. Then r{x) = \a{x)\ takes values in i?^, and 

if % = K+, r(x)^= 

We will write As(y) ~ r''^"{y)A{y), so that As(y) = r''(y)A{y) is well defined by its restriction to 
Si, and is Gi-homogeneous of degree s. Also we denote A^{y) = A(y)l[i^oo)(r(y)). We recall that 
the tail measure A„ of r]v exists i.e. 

(5.18) A, = lim \g\-"{g*Vv). 

IsHO.gGGjj- 

Also, in view of Proposition 2.6 and Lemma 2.9, A„ ^ 0. 
Proposition 5.19. Assume Rji = M.*^_, then 

• ifae (0, 1) U (1,2] then Ga(w)^= amaAy{A'^); 

• if a = l, then Ci{v) = miA„(A^) + i'^{v), with j{v) € R. 

If R-jj:= (p), the same formulas are valid, where aA^(A-^) is replaced by ^i^gp A,,(A^). 

Proof. If a ^ 1, we have, by definition of A: 

C4v)= [ (A{y + v)-A{y))rj,{dy). 
Jv 

Indeed if a e (0, 1) U (1, 2), this follows immediately from the formulas given in Theorem 5.1 and 
for a = 2 we write 

C2{v) = ({w,vY + 2{w,v)r]y{w*)y{dw) 

= {{w,v + yf - {w,yf^a{dw)riy{dy) 

= / {A{y + v)-A{y))r,y{dy). 
Jv 
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If a = 1, then 

Ci{v)= I (A(y + v)-A{y))r]y{dy)+i-fiv) 
Jv 

with 

We write if s < % 

Ca,s= / {As{y + v)-As{y))vv{dy) 
Jv 

and we observe: limg^^- Ca,s = C'a(f)- On the other hand Z*v satisfies Z*v — M'q{ZIv + v), where 
Z* is another copy of Z* , independent of Mq . Since is Gi-homogeneous and s < a, 

E[A,(Z*w)] = k{s)^[K,{Z*v + v)] , 

hence 

= E[A,{Z*v + v)]-E[A,{Z*v)] 
= {1-k{s))E[A,{Z*v + v)]. 

Since hm^^^- ^""^ = rUa, we need to evaluate hmg_>„- (a — s)E[As(Z*w + v)] . For the sake of 

brevity, wc work with Um^^Q- (a — ,s)E[As(Z*?;)] and wc show that this quantity depends only of 
the tail of rjy. This will give the required result, since the tails of ?7„ and dy * rjy are the same. 

Assume first Rji = and write Fy{t) = J^^^y^A{C)riy{dC). Then \Fy{t)\ < sup^g^i 1^(01 < oo, 
hence Fy is a bounded function. Also, if 5 e G-p, \g\ = t: 



t"Fyit)= [ AiOlgrig-'vvKdC). 

J\c\>i 



'ICI>1 

Hence, using the convergence of Igl^ig^^Vv) to A^, if \g\ 00, 
(5.20) t°'Fy{t) = Ay(A^) + o{t), ast^oo. 

By definition of Fy-. 



E[A,{Z*v)] = I \y\^A{y)ny{dy) 
Jv 

sf-^dt]Aiy)r]y{dy) 



V \JO<t<\v\ 



/■oo 

= / sFy{t)t'-^dt. 
Jo 



'0 

Let r be any positive increasing function on (0, a) satisfying 

(5.21) lim r(s) = +00, lim (a - s)r*(s) = 0, lim r*-"(s) = 1. 

s — s — s — 

One can take for example r(s) = {a — s)~^ . Then to compute the required limit we decompose the 
integral of Fy above according to the function r(s) and apply (5.20), which gives the asymptotics 

of F„(<): 

~ /""(«) 
lim {a - s)E[As{Z*v)] = lim (a - s) / sFy{t)t'-'^dt 

/•oo /'OO 

+ lim (a-s) / sAy{A^)t-°'+'-^dt+ lim {a-s) / o{t)t-''+''-^dt. 
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Notice that the first and third hmit are 0. Indeed, by (5.21), 

/"•(«) 

( 



lim 

5— 



{a-s) / sFy{t)t'-^dt 
Jo 



< lim {a- s)r'{s) sup \Fy{t)\ =0. 

s^a t>0 



To compute the third Hmit take for any £ > 0, then there exists sq close to a such that \o{t)\ < e 
for t > r(so) then, by (5.21) 



Hm 

s — 



(a-s) I o{t)t-°'+'-'^dt 



< e lim "(s) = s. 



Since e was arbitrary we obtain that the limit above is in fact 0. As a result, using (5.21), 
Ca{v) = lim {1- k{s))E[As{Z*v)] 

= ma- lim (a-s)/ sA4A^)t-"+'-^dt 

= amaAy{iV). 
If Rjj: = {p), the calculation runs parallel, using the formula 

E[A,{Z*v)] = [ A,(C)77.(dC) 
Jv 

wc decompose {C, G V\ |C| > 1} into shells of the form G l/;p'^ < C !i p*^"*"^} and use geometric 
series instead of the integrals above. Using Theorem 1.4 of [BDGHU] which gives a formula for A^,, 
we get 

1 



Ca{v) = ma- 



log p 



-A,(Ai). 



□ 



6. Proof of Main Theorem 1.5 

To prove the Theorem, in view of the continuity theorem, it is enough to justify that the corre- 
sponding characteristic functions converge pointwise to a function, which is continuous at zero. If 
a < 2, as observed in Section 1, stability follows from the last assertions in Theorem 5.1 (1, 2 and 
3). 

6.1. Case a < 1. Let cf)" be the characteristic function of the random variable CnS^. Then by 
Lemma 3.5 and Proposition 3.17 wc have 

C(^^) =e[x.(c„5^)] = {PZ,vi^)){x) = fc"(c„,t;)(7r,„,„(l))(x) + (Q^„, Jl)) (x). 

The second factor tends to as n goes to infinity, because ||Qc„.t)|| < 1- Moreover, by Proposition 
3.18, (7rc„_^(l)) (x) converges to 1. Therefore it is enough to compute 

fc(c„^)-i -"(fe(g"''")-i) 



lim k"'{cn,v) = lim (l + k{cn,v) — l) 

n— ^oo n— >oo \ / 



lim e' 

n— ^oo 



•(fe(c„,tj)-l) 



Notice that by (5.2) 



Hm n ■ {k{cn,v) — l) = Hm ^.^^ — - = Ca(v). 



This proves pointwise convergence of (p^ to $„. Continuity of at zero follows easily from the 
Lebesgue dominated theorem. 
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6.2. Case a = 1. Let 4>l^ be the characteristic function of CnS!^ — n£^{cn)- Then arguing as above 
we prove that 



lim (pliv) = lira E XvicnSZ - n£_{cn))) 

n^oo n — *oo 

= lim Xv{-^icn))k{cn,v) 

n— >cso L 

Let us compute the limit in the exponent 



lim 

n — >-oo 
„lim„_,. 



x.(-<(c„))(pr„,„(i))(x) 

= [n{xA-i(c^))k(c^,v)-l)] 



hm 

n— ^oo 



n{Xv{~^{Cn))k{Cn,v) - l) 



Um 

n— ^oo 



= Ci{v)+ hm n-{l-i{v,acn))+0{{v,acn)f)){l+i{v,acn)))-n ^Ci{v) 

n— j-oo L J 

To prove continuity of $i at zero, it is enough to observe 



g^ix) = {e^i^-^ - 1) . Ux) - 3^ = {e'^^-' - l) (Ux) - l) + e^<-^> - 1 - < C\ 



i{v, x) 



a+s 



for |a;| < 1 and some constants C and S > 0, independent of v, and next one can apply the Lebesgue 
dominated theorem. 

6.3. Case 1 < a < 2. Denote by 0" the characteristic function of Cn{S^ — nm). We reason as in 
previous cases and obtain 



hm (j)'^{v) = hm E 

n^cso n^cso 



Xv{cn{Sl - nm)) 



= hm 



Xv{-Cnm)k(Cn,v) 



_ glim„^oo \n(xv{-c„m)k(cn,v)-l 

and we have 

n{xv{-Cnm)k{cn-,v) - 1 
= hm 



hm 



k{cn,v) -l-i{v,Cnm) 
Xv{-c„m) ■ — mrr^ + nxv{-cnm){l + i{v, Cnm}) - n 



= Co,{v) + hm n(l — c„m) + 0(n~~)) (l + c„m)) 

n— >oo L 

To prove that is continuous at zero and stable, we proceed as before. 



^ Ca{v). 



6.4. Case a = 2. Let be the characteristic function of Cn{S^ — nm). Arguing as in previous 
case we show 



log<I>2(w) = log lim (t>\{v) = lim n(xt,(-c„m)/c(c„, i;) - l) 

n — *oo n — ►oo L 



: lim 

n— ^oo 



/ I |2|i I ||\ k{Cn,v)-l-lCn{v,m) 

(n c„ ^ log c„ ) . — — |— |] 

c„ ^ log c„ 



+ lim 

n— ^oo 



nXv{-Cnm){l + icn{v, m)) - n 
= C2{v). 
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6.5. Case a > 2. We argue as in the previous case. Let (p"^ the characteristic function of -^{S^ — 
nm). Then 

hm 4>^{v) = e'™''^^ [n{Xv{-m/^/^k{l/^/^,v)-l)\ 

n — *oo 

An elementary calculation, using the asymptotics of k{l/ ^^,v) given in Theorem 5.1, 5) proves 
iog'^2+{v) = lim \n(xv{-m/ y/n)k{l/ y/n,v) - l)] = C2+{v) + i(?;,m)^. 

n — ^oo L J Z 

6.6. Nondegeneracy of the limit law for < a < 2. In order to prove that the limit law is 
fully nondegenerate (i.e. its support is not contained in some lower dimensional subspace of V) it 
is enough to justify that the function Fa{v) = ^\og^a{v), defined on V, does not vanishes outside 
zero. We use the expression of Ca{v) given in Proposition 5.19. 

Proposition 6.1. For every v gV \ {0}, Fa{v) = ^Ca{v) is negative. 

Proof. If R-p = R^, the expression of Caiv) in Proposition 5.19 gives Fa{v) = A„(3?A^). The 
definition of A gives 

m.{y)= I {cos{x,y) -l)A{dx). 
Jv\{o} 

Using Corollary 2.8 and Lemma 2.9, we know that suppA is not contained in a hyperplane. Since 
(cos(.T, y) — 1) < 0, we get that for any y ^ 0, ^A{y) < 0. In particular, for any y with \y\ > 1: 
3?A^(y) < 0. Since A„ is G^-homogeneous, nonzero and Gi- is not compact, we have suppA^ H {y e 
V; \y\ > 1} ^ 0. It follows A„(3?Ai) < if w 7^ 0. 

If Rjj: = (p), a simple modification of the argument above give the same result. For a = 2 we 
reason analogously. 

□ 

6.7. Nondegeneracy of the limit for a > 2. Notice first that if G-p C then nondegeneracy 
of the limiting random variable follows immediately from the formula of its characteristic function. 
Namely wc may write 

— log$2^-(^') — 7; [ {x — m,v)'^v{dx) + ( {x — m,v)r]y{x*)v{dx) 
2 Jv Jv 

= {x-m,v)'^v{dx) + j {x-m,v)¥.(x,^\Mi\---\Mi,\v^u{dx) 



i + f; / {x-m,vfv{dx) 



11 + «(1) 

q{v,v), 



2 1 - k{1) 

\-k(1) 

hyperplane of V orthogonal to v, but this contradicts to hypothesis H. 



with > 0. If the value above were zero, the support of u would be contained in some 



In general we cannot use the foregoing argument hence we apply ideas of [GH] (see also [HHl]). 
Define al = — log$2+(w), i.e. cr^ is equal to the quadratic form q{v,v)/2 + q{{I — a*)^^a*v,v). 
Since e~°'^ is the characteristic function of a probability measure, > 0. Given a function / on V 
and y gV we define fy{x) = f{x — y) 
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Lemma 6.2. We have 



where C € Mg^g^x is uniquely defined by the equations: 

(6.3) 1^(0 = 0, (7-P)(C)=P«). 
Proof. Let ht be the eigenfunction of Pt^v- 

(6.4) p^^^{ht) = k{t,v)ht 

such that ^{ht) = 1. The function t ^ ht = u(-Kt '''{e)) differentiable in Bg^e^A for appropriately 
chosen 6 and A (see below). First we prove that Pt^v is differentiable. Let 



Then 
(6.5) 



Mt,vfix)^i J xtvigx + b){v,gx + b)f{gx + b) ii{dh). 

Pt+At,vf — Pt,vf 



At 



when At ^ 



>,s,X 



for / G B^'.e.A' with sufficiently small 9',X'. In particular (6.5) applies to ht- Using the resolvent 
we write 

^T^l- J\z-l\=S' 

and we differentiate ttj ^,(e). We need to take triples {d',e,\') and (6',e, A) in the way that not only 
(6.5) is satisfied but also all the assumptions of section 3 to assure that the resolvent is bounded 
both on both Mgi^^^x' and B0,£,a- Taking e sufficiently small, A' = 5e, ^' = 9£, A = 1 + lOe, ^ = 1 + 14e 
will do. Clearly , ht G M0i^s,X'- Finally, 



ht-1 



1 



J'(7rf,„(e)) 



Trt,v{e) - 1 /I - 7rt,„(e) 



^^^ 1 - nt,v[e) ^ 



t V t 

and so lim^^oo -^^^^ = C exists. 

We apply v to both sides of (6.4) and we obtain 

(6.6) v{xtvht) = k{t,v). 

Next differentiating the equation v{ht) = 1 with respect to f at we obtain i/(^) = 0. Computing 
the second order term of asymptotic expansion of k{t, v), in view of Theorem 5.1 we have 



-o-„ - -{v,my 



lim 



kit, v) — 1 — it{v, m) 



^9 — lim 

t^ t^o t^ 

{l + itv* - ^iv*)^)ht-l-itv*^ 



v{xtvht) - 1 - it{v,m) 



= lim y 
1 



t2 



1 



= v{{v*Y) +i\miv[ V* ■ ■ 

that gives the required formula for ct^. To prove that the function ( satisfies the Poisson equation 
(6.3) we differentiate (6.4) at zero, i.e. applying Theorem 5.1 we write 



lim = lini 

t^o t t^o 



k{t,v)-l 

T ■ It't H T 



= i{{v,m) +(). 
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On the other side we obtain 



t 



t 



Comparing both equations we prove (6.3). 



Finally, in order to prove that C is uniquely determined by these two conditions, assume that some 
Ci satisfies i/(Ci) = and P«) = (/ - P){Ci), then (/ - P)(C - Ci) = 0, that implies C = Ci + C'- 
Since i/(C) = i'(Ci)) we get C = Ci- 1^ 

Lemma 6.7. Let uq be the unique solution of {I — P)uq = v^, i^{uo) = 0. Then 2al = E^[uo{Xi) — 
Puo{Xo)^^ . In particular, if = then r{Pt,v) = 1 

Proof. Since / — P is invertible on the space {g : {v^g) =0} , the system of equations {v^f) = 
and (/ — P)f = g, f E V>g^^ x has a unique solution for g such that {iy,g) = 0. Therefore, equation 
(J — P)f = has unique solution satisfying = 0, and we denote this solution by Uq. Then 
i/(uq) < oo. Indeed, the function uq belongs to Mg^^^x, therefore |uo(a^)P < C(l + and by 

(2.1) Uq is integrable with respect to v. 

Notice that ( = Puq. Indeed, it is enough to prove that Puq satisfies (6.3). For this purpose we 
write 

(/ - P){Puo) = {I- P){uo - v*^) = {I- P)uo -v*^ + P{v*J = P«), 

and 

z/P(uo) = iy{uo) = 0. 

Next we write 

2al = ry{{v*J') + 2z/«C) = ^^((O' + 2<P«o) = {uo - Puo){uo + Puo)) 

(uQ{h ■ x) — {PuQ)'^{x)\i'{dx)fj,{dh) = / (uo{h ■ x) — {Puo){x)\ v{dx)^{dh) 



H JV 



If al = 0, then 
and 



Mo(Xi) - P«o(^o) 



v*^{X^) + Puo{X^) - Puo{Xo) 



<(Xi) = Puo{Xo) - Puo(Xi), a.s. 



^it{v,Xi)^itPuo{Xi) _ ^it{v,m) ^itPuoiXo) 



hence, taking the expected value, we have 

ft,«(e**^"°)(a;) = / e**<'''''-^>e'*^"°(''-^V(t^M = e**<'''™>e'*^"°(^\ 
Jh 

that proves r(Pt,„) = 1. 

Nondegeneracy of the limit follows immediately from Lemmas 3.14 and 6.7. 



□ 



7. Proof of Theorem 1.7 

In order to prove Theorem 1.7 we proceed as in the Euclidean case. However, now we have to 

handle with general dilations of V, that requires some additional arguments. We omit these parts 
of the proof that are similar in both cases. The crucial step is to describe asymptotic expansion of 
fc(c, v) as c goes to 0. 
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7.1. Asymptotic expansion of k{c,v) for < a < 2. 
Proposition 7.1. (1) //O < a < 1 then 

k{c,v) - 1 
lim I I = Caft^j 



where 



Ca{v) = J (xv{x) - l^r]y{x)A{dx). 



In particular Ca{c*v) = |c|"Ca(t;), if c G Z-p;. 
(2) Assume 1 < a < 2. Let ^i(c) = crric,- + fy j^^i^'^idx). Then 

|cHo,ceZp |c|« ^' 

where 

Ca{v) = J (j^Xvix) - 1) • r)y{x) - i{v,Xc-) - y^^^^^^dx) 

and linic^o |c|~'^|^i(c)| = mi for mi = Jy x-ii'{dx). In particular, if c G Z-p, Ca{c*v) = 
\c\-C^{v)+i{v,0{c)), with /3(c) = Jy - j^^)A{dx). 

Proof. For a < 1 the proof is exactly the same as in section 5. Assume 1 < a < 2. First we will 
prove that 

(7.2) lim -^({u,{xc'v - l)A,v)-i{v,^iic))) = Caiv). 

\c\—i-0 \C\ \ / 

For this purpose we decompose V = Va- ® ® ^a,+ - a^^d write x = Xa - + Xa + Xa,+ - Then 

/ {Xv{cx) - l)ilJc,v{x)'y{dx) = / (xvicx) - l){tl)c,v{x) - fiy{cx))p{dx) 
Jv Jv 

/ft i (v cx / \ 

{Xv{cx) - 1) {fjy{cx) - l)iy{dx) + J yxv{cx) - 1 - i{v, cXa,-) - Y+^\^^ ) ^'■^^^ 

+ i(u,Ci(c)), 

To handle the first and the second integrals we use the same arguments as in the proof of Theorem 
(5.1), i.e. the first one converges to as c goes to 0, and the second one tends to 



{Xv{x) - l){r]y{x) - l)v{dx) 
For the third one we are going to prove that 

f{x)=Xv{x)-l-i{v,Xa-) - ^'^^'^"^ 



1+ Xa 



satisfies (2.3). Let Z)+ = min{Aj : Xj > a}, D- = max{Aj : Xj < a} . For t{x) > 1 we have 
\m\ < C{1 + EA,<a < CT(a;)^-. Then for t{x) < 1 we have Ea.x. I^a,] < Cr(a;)^+, 

\xa\ < Ct{x)" and we obtain 

< -i-i{v,x)\+\{v,x„,+)\ + \{v,Xa,)\- ' ^ 



l+\Xa\^ 

< CT{xf + Ct{x)^+ + Ct{x)°' ■\xoc\'^ < Cr(a;)™{2,r'+}_ 
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Hence (2.2) implies (7.2). One can easily prove that for |c| < 1/2 we have | Jy i+j^^^^-jri^idx)\ < 

|c|"| log |c|| (compare proof of Lemma 5.5) and lim|c|^o = '^i- Finally by (4.4) and Lemma 4.9 
we have 

j.^ k{c,v) - 1 - i{v,^i{c)) ^ / i^{ipc,y){k{c,v) - 1) - i{v,^i{c)) i{v,^i{a))il - iyitpc,v)) \ 

□ 

7.2. Asymptotic expansion of k{c, v) for a > 2. In order to get fully nondegenerate laws, we 
have to normalize in inhomogeneous way. Let 

We assume that V°. = {0} and so V = V_ © V+. For a; G ^ we write x = X- + x+, where X- &V-, 
x+ e V+ . Let c„ e Z-p: be such that 

|C„| = sup T{CnX) = -\. 
r(x)<l na 

The right normalization in the case a > 2 is 

-^{S^ -nm)_ + {cnS^ -dn)^. 

We need to modify accordingly the operators Pc^y and Tc^y and so we consider the following linear 
transformations : 

^n\X) — ^ X—^ 
Cn{x) = Cn{x+), 

and 

a„(x) = bn{x) + c„(x). 

Notice that the operators Pb„,v and T^^^y are defined both on Mg^^^xiV) and ^0,e,x{V-)- If f{x) = 
f{x-) then / e B0,e,A(V^-) if and onfy if'/ e Be,e,A(V^) and 

Pbn,vf{x) = Pb„,v_f{X-), 
Tb„,vf{x) = Tb^,y_f{X-). 

The same holds for Pc„.v, Tc^^y and functions / depending only on a;+. Therefore, it is convenient to 
refer to operators Pb„,y, Pc„,v, Tb„,v, Tc„,y while they act on Me^s,\{V) and to Pb„,v-, Tb„,y_, -Pc„,-y+, 
Tcrt,v+ when they are considered on Mg^g^\{V-) or Mg^s^\{V+). Clearly, the peripherical eigenvalues 
k{bn,v^), k{cn,v^) of Pb„,v^ and Pc„.v+ arc equal to the peripherical eigenvalues k{hn,v), k{cn,v) 
oi Pb^^y and Pc^^y, respectively. They are closely related to k{an,v). Indeed, we are going to prove 
that 

lim n(k{an, v) - k{bn, v) - k{cn, v) + 1) = 0. 

n— ^oo 

Moreover we describe the asymptotic behavior of k{bn,V-) and k{cn,v+) restricting our attention 

to Mg^,^xiV-) and Mg^,^x{V+). 

The content of Section 3 is needed for both operators and Pc„,i;+- The inhomogeneous 

dilations in Pbr,,y- imply a slight modification of Propositions 3.18 and 3.20. They hold with 

£ 

\bnf = (~^) instead of |c|^, where Afe^ = max{Aj : Xj < §}. 
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From now on we assume not only that: £ < 1, 9 < 2A, A + 3e < 2A + 3e < a, but also A > Afe„ , 
f < A + 2c < Afco+i (notice that Afe^+i = min{Aj : Xj > f }). 
To study Pcn,v+ we need a further decomposition of V+, i.e. 

and for x+ G V+ we write x+ = u = + Ua + Let be projections of the Poisson kernel 

ly on VL and V-^ and let A_|_ be the tail measure (1.3) for ly^. 

Proposition 7.3. If a > 2, then 

(7.4) lim n{k{bn,v) -l-i{bn{v),mo)) =C-{v), 



where 



C-{v) = -^q{v-,v-) - i(w_,mo)^ - q{v-,{I-z*_) ^z*_V-), 



mo = ma,_ = Jy xv-{dx) and z- =E[M„|y_]. Moreover 

(7.5) lim n{k{c„,v) - 1 - i(t^,6(cn))) = C+{v), 



where 



C+{v) = {{xM - 1) • Uu) - i{v,u_) - ^'^'^^ A+(d»), 



IV+ 

6(Cn) = / [cnU- + 12 



an I 



Proof. To prove (7.4) we consider P6„,j,_ and we proceed as in the proof of Theorem 5.1 (5). The 
crucial estimate is 

(7.6) |a;-| < (1 + t(x-))^'=o, 
where | • | is the Euclidean norm on V- , which implies 

(7.7) / \x-fiy{dx) < oo 

Jv 

and so the integrals Jy{v-,X-)^i'{dx), Jy \{v-,X-)\r]y_{x'L)v{dx), Jy \r]v_(x'L)\v{dx) are finite. 
Moreover in view of (7.6) we have 

\\x._-l-ix*_\\e,e,x<C\x-\'+'-'\ 

which is also needed. 

To prove (7.5) we proceed as in Proposition 7.1, that is we prove 

(7.8) lim [ {xv+{cnu) - l) {ipc,v+{u) - rj^+{cnu))u2{du) = 0, 

(7-9) lim I (x^+(c„w)-l)(% (c„u)-l))zv2(c;w) = / {xv+{u)-l){r]v+{u)-l))A2{du), 

|c„r Jy^ ' Jv+ 



(7.10) lim -V / 

n^oo ICnr Jv 



V+ 
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Xv+ (CnU) - 1 - i{v+, CnU) 



1 + |c„UaP 



Xv+{u) - 1 - i{v+,u) 



A2{du). 



For (7.8) we need 

(7.11) \i^c„,v+iu) - r}y{CnU)\ < C\Cn\'T{CnU)^+^ if t(c„w) < 1 

(7.12) \'^cr„v+ {u) - r]y{CnU)\ < \Cn\^T{CnUY, if t(c„u) > 1. 

(7.12) was proved in Lemma (4.5) and (7.11) follows from (7.14) below. Moreover, the assumption 

X + 2e > J guaranties Afej,+i + 2e + A > a, that is used in the calculations. 
The function in (7.9) satisfies 2.3, because 

\Xv+(u) - l\\vv+{u) - l| < max(l, \u+\^) < max(l, t(u+)2^'=o+i) 

and a < 2AfcQ+i. Therefore, (7.9) follows. Finally, Xv+{u) — 1 — i{v+,u) — is estimated as in 

the proof of Proposition 7.1 

In order to compare fc(a„,u) with fc(6„,u) and k{cn,v) we need two technical lemmas. 
Lemma 7.13. For every s < Xko+i 

\Xy{anx) - 1| < C(^^\x_\\y_\ + -^T{x+yT{y+y). 



(^|a;_| + ^r(x+)M 



(7.14) 

Moreover 

(7.15) \xa 
Proof. We use the following inequality 

m 

(7.16) e' ^r=i «i - ^T=i | < ^ | e'^^ - e''^' 

which holds for real aj, 1 < j <m. 
In view of (7.16) we have 

^i{y,b„x) _ ]^ _|_ \gi{y,c„x) _ ^ 



\XyianX)-l\ < 



< |y_||6„x_|+^ 

j>ko 



1 



j>ko 

< -^\y-\\x-\ + ^T{y+yT{x+y, 



and (7.14) follows. 
For (7.15) we have 

and 

T(y+)^+^<(l + r(2/+))^ 
hence we obtain the required estimate for |xa„x — Me- Applying (7.16) again we have 



|y_|<(l+r(y_))^'=o <(l + r(y_))^ 



□ 
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(7-17) \Xar,x{y) - Xar,x{y')\ < \Xb„x{y) - Xb„a;(j/')| + |Xc„a;(y) " Xc„a:(y')|- 

Now 

\xb„xiy) -Xb„xiy')\ = \Xb„x{y-y')\ < \bnX-\\y- -y'_\ < ^|a;_||y_ - y'_\. 

liT{y.-y'_) < 1, then \y_-y'_\ < CT{y--y'_y. liT{y.-y'_) > 1, then \y_-y'_\ < CT{y--y'_)^-o . 
Since Afe^ < A in both cases 

|y_ -y'_\< t(2/_ - y'_r{l + r{y.))\l + T{y'_))^ 

and so 

C 

[Xbnx]^X- ^l^-l- 

For the second term in (7.17) we apply (7.14) with s = X + s < ^ < Xko+i and we have 

\Xc,Ay) - Xc„x(2/')| = \Xc„xiy -y')-l\< ^r(x+)^+V(2/ - y')^+', 

n ° 

but T{y - y')^+^ < T{y - y'y{l + t(2/))^(1 + T{y')y and (7.15) follow. □ 
Lemma 7.18. If X + 2s < Afe^+i, then 

(7.19) |^a„,.(ar) -^6„,.(x)| < -^{1 + t{x))^+^' 

n <» 

and 

(7.20) l^a^A^) - i^c„A^)\ < ^(1 + t(x))^+^ 
Proof. We have 

'^an,v{x) - tpbn,v{x) = f?a„,,,(Xa„x - 1) - '?6„,«(Xb„2^ - 1) 

= {Var,,V - Vv){Xar,X - 1) - (%„,« - Vv){Xbr,X - 1) + Vv{Xbr,x{Xcr,X - 1)). 

Analogously 

•Ipa^.vix) - 1pc„,v{x) = (?7a„,,; - ??t,)(Xa„a: " 1) " (??€„,« " Vv){Xc^x " 1) + Vv{Xc^x{Xbr,x " !))• 

As it was mentioned before 

- %|(X6„x - 1) < (■^) llXfcnX - l||e,e,A, 

|??C„,-« - 'nv\{Xc„X - 1) < ArllXcnX - 1||0,£,A, 

no 

because > -. 

Now we apply Lomma 7.14 with s = X + 2e and since ^ < | < and |a;_| < C(l + r(a;)-*'''o ), 
(7.19) and (7.20) follow. « a ^ 

Proposition 7.21. We have 

lim n[k{an,v) - k{bn,v) - k{cn,v) + l) = 
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Proof. By (4.8) wc have 

fc(a„, v) - k{bn, v) - k{cn, v) + 1 

= 7i + 72 + h, 

where 

Applying Lemma 7.14 with s = A + 2e we have 

< / -^\x.\^T{x+yu{dx) 

Jv vn n° 

because f > 5 and Afc,, + A + 2e < 2A + 2£ < a. 
For 72 we have 

Therefore by Lemmas 7.14 and 7.18 

I/2I < -,:^{ j {l+r{x)^+^^)\xA^{dx)+ I {l+r{x)^+^^)u{d^^ 

because A + 2e > ^ and \x- \ < (1 + t{x-))^''o . For 73 we have 

and so by Lemmas 7.14 and 7.18, with s = A + 2e 

l^3| < -T^il {l + T{xf+')T{xf+^^y{dx)+[ {l + T{x)'+^)u{dx) [ t{x)'+'^ u{dx] 
n2+ c \Jv Jv Jv 

= oi-), 
n 

because 2A + 3e < a and both integrals are finite. □ 

Proof of Theorem 1.7. For a <2 the Theorem is an immediate consequence of Proposition 7.1. To 
prove existence of limit of appropriately normed sums S„ we proceed exactly as in paragraphs 6.1 - 
6.5. Also continuity at of the characteristic function and stability require only a repetition of the 
previous arguments, that will be omitted. Finally we have to justify nondegeneracy of the limiting 
random variable. For this purpose take t; e for some nonempty subspace Vj of V. Notice that 
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= {'^li^nS'f-^ -dn),v), where tt^ denotes projection onto Vy. Then 7r^(S'f") are partial 
sums of defined by the recursion = M^X^-i + 7r^(<5n), where is the restriction of the 
action of M„ to (it is well defined, because is invariant under the action of Gp-). The law /u-y of 
i'^'yiQn), M2) is the projection of /z on 7r^(G^) under the natural homomorphism. Since n doesn't 
admit invariant affine subspaces, there is 7 such that there is no affine subspace invariant under 
7r-y(Gjr). Then we have to study 7r-y(S'„) on Vj i.e. we reduce the problem in fact to the Euclidean 
settings and last part of Theorem 1.5 implies that the limit (7r^(c„S'^ — dn), v) is nonzero. 

If a > 2 we proceed as previously, however for the reader convenience and to underline the role 
of Proposition 7.21 we will present part of the proof in more details. 

Let be the characteristic function of 

bn{S^ - nm)^_ - {cnS^ - = a„5^ - n6„mo - rf„. 

Then 

lim 4>n{v) = lim E[xv{anSn - nbnmo - n^2{cn))] 
= lim Xv{-bnmo- ^2{cn))k{an,v) 

L 

_ glim„^oo [n(xt>(-fen"»o-€2(c„))fe(a„,u)-l)] 



Applying Propositions 7.3 and 7.21 we obtain 



log ( lim (l)n{v)] = lim 

\n— ^00 / n—^oi 



nxvi-bnirio - 6(cn))(fc(a„, u) - 1 - i(w,6„mo) - «(w,6(cn))) 

+nXv{-bnmo - 6(cn))(l + i(w,6„mo) + i{v,^2{c„))) - n 
= lim nikibn, v) - I - i{bnV, mo)) + lim n(k{cn, v) - 1 - i{v, ^(cn))) 

n— >oo ^ ^ ' n— >oo 

+ lim [nXv{-bnmo-^2{cn)){i + i{v,bnrno) +i{v,^2{cn)}) -n] 

1 



= C.iv)+C+{v) + -{v,moy. 
To prove nondegeneracy of the limit we use exactly the same argument as above. 

8. Local Limit Theorem 



□ 



Proof of Theorem 1.6. In this section we will study the Euclidean case and assume a ^ {1)2}- Take 
X = Q. In view of Theorem 10.7 [Br] it is enough to prove that 

lim nX-¥.[h{Sn - dn)] =33a(0) / h{v)dv, 

n^oo Jy 

for every function h & such that the Fourier transform of h is compactly supported. By Propo- 
sitions (3.17), (3.18) and Lemma 3.19, using the Fourier inversion formula 

E[h{S:^-dn)]=-^ j^E[e'^^''--''-'>]h{v)dv = j^e-^^^^^^ 

Take N = [—(5,(5]'^ and denote by J the support of h. By Lemma 3.14, r{Py) < 1, if v 7^ hence 
using Lemma 3.19 with / = 1 there exists (3 > such that for i; G J\N: r{Py) < 1 — /?. Therefore 



lim ri^ 

n— ^00 



Jj\N 



-i{v,dn) ( pn 



ip:i)io)hiv)dv 



< lim Cn^{l - /?)" = 0. 
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Hence we have reduced the problem to computing the hmit 



wJn 



-i{v,dn) ( pn 



{P^l){0)h{v)dv = Hm 



jY a—^au (2/1 )' J 

Next by Proposition 3.17 there exists 7 > such that ||Qv|| < 1 — 7 for u e A'' hence 



Hm ri^ 

n— ^00 



{Q':,imh{v)dv 



< hm (771^^(1 - 7)" = 0. 



To handle with the remaining term we take a similarity c„ such that |c„| = n ^ change variables 
V ^ CnV and obtain 

(8.1) lim [ e-'^''''^-^ k''{v)TTy{l){0)h{v)dv 

= lim / (e-'^^-'''"'^k{cnv)YTrc„^il){0)h{cnv)dv, 

'^^°°Jf\v\<SnX}^ ' 



l{\v\<5nx-} 

where m = if a < 1. Now we are going to use the Lebesgue theorem. For this purpose we need 
that for every v there are (5 > and D > such that 

(8.2) |e*<''''">A;(t;)| < e^-^l^l*. 

Indeed assume first a > 2. Then by Theorem 5.1, for small values of \v\ we have 

e-»(«,m>^(^) = (1 - i^v, m) - ^ ((?;, m)^ + o{\v\))) ■ (l + i{v, m) + {C2+{v) + o{\v\))) 

Moreover nondegeneracy of the limit in Theorem 1.5 implies C2+{v) — \{v, m)^ < 0, that gives (8.2) 
in this case. 

If a < 2, then by Theorem 5.1 

k{v) = 1 + i{v, m) + It^r (C„(tJ) + o{\v\)), 

with ^Ca{v) < 0. Therefore 

*<-.™>fc(t;)|' = \{l~i{v,m)+o{\v\)){l+i{v,m) + \v\^{Cc,{v) + o{\v\ 

= 1 + \v\"{Co,{v) + oi\v\)) I' = 1 + \v\"{2^C^{v) + o{\v\)) + 0{\vf'') 

that proves (8.2). Therefore we may use the Lebesgue dominated theorem and pass in (8.1) to the 
limit under the integral. Then reasoning as in the proof of Theorem 1.5 we obtain that the limit 
above is equal to 

h{0)- I $a(t;)dt; = (27r)V(0) / h{v)dv, if a e (0, 1) U (1, 2) 
Jv Jv 

and 

h{0)- [ ^2+{v)dv = {2'7rfp„{0) [ h{v)dv, if a > 2, 
Jv Jv 

that proves the Theorem. □ 
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Theorem 1.6 can be interpreted as a local limit theorem for a random walk on a homogeneous 
space. This interpretation brings up some aspects already encountered for the case of groups in [V], 
namely that the degree of the monomial part of the asymptotics depends of the measure, hence is 
not determined by the geometry. 

One is led to consider the Markov chain onV = VxR'^ defined by a;„ = X^, = y + S^_i = 
yn-i + Xn-1- Wc denote by P its transition kernel. Then P is a fibered Markov kernel over P (see 
[GH]), with typical fiber M''. Clearly the 'vertical translations' {x, y) ^ {x,y + r) = [x, y) o r with 
r €:W^ commutes with P. We denote also by o the convolution operation between measures on V 
and on M'*, and by A a Lebesguc measure on W^. Since V = V xW^^^c can identiiy the measure v 
on V with a measure v on V . Then we observe that J- o A is a P stationary measure. Furthermore 
h = {g,b) G H acts on F X R*^ by h{x, y) = {gx + b,y + x). This is an afSne action of H which is 
part of a natural action of a larger group HonV considered as a homogeneous space as follows. 

Let T be the real Lie group of 2d x 2d matrices of the form ^ = ^ ^ ^ ) ' 5 € G, 

u G End(y). Then T acts on M?'^ and we consider the corresponding semidirect product H = TkM^''. 
Then V = M^'^ is a homogeneous space of H, i.e. V = H/T. The action of ft- = (C v) {£. ■= T, 
T] = {b, c) € M^'') onv = {x, y) £ V is given by x' = gx + b, y' = y + ux + c. Hence this action 
commutes with the 'vertical translations' on V. We recover the i?-action on y as a factor of the 
il-action by the vertical translations. 

■ 9 



In particular we denote by fx the push forward of /j. by the map {g, b) i— > rf) with ^ : 



I I 



rj = Q J . Then we can write P(w, •) = n*5y, hence P"(w, •) = ijl"-*5^. We know that converges 

in law to v. Furthermore the theorem tells us that if ^„ denotes the law of y„ = y + S^, then the 
sequence of measiu-cs n^(pn ° <^-d„) converges weakly to Pa{0)X. Then, following the analysis of 
[GH] for local limit asymptotics in the context of fibered Markov kernels we get 

Corollary 8.3. With the above notations, for any v gV we have the weak convergence: 

lim n-^(ju" * 5y) o 6-^^ = PaiO)!^ ° A. 



Appendix A. On the structure of closed subgroups of G = D x K 
Here V = ®j-=iVa^, D is the one parameter subgroup of elements ja, which act on V\. by 
multipHcation by a^^ , t(x) = X]j=i I'^jl^^ K = {g E GL(F); = 1}. We denote G = 
Kx{W^y and we observe that G is a linear algebraic group, which contains G as a closed subgroup. 
We denote by Q the Lie algebra of G, by G and /C the Lie algebras of G and K, respectively. 

Proposition A.l. Let Gi be a closed noncompact subgroup of G, Ri its projection on D, Z\ its 
center, Ki =Gir\K. Then Ri = D or Ri = (p), p€ D, \p\ > 1. There exists Yi gQ, \ expFi] > 1, 
such that AdGi(Yi) = Yi, expFi G Gi. In particular the subgroup expRFi commutes with Gi and 
exp ZYi is a central subgroup of Gi . Moreover 

• if Ri= D, then Gi = Ai x Ki, with Ai = expRFi and Zi = [Zi n K) x Ai. 

• if Ri = (p), then G\ contains Ai x Ki as a normal subgroup of finite index, with Ax = 
expZFi and Gi is the semidirect product of (gi) and Ki, with gi G Gi and g\ = expFi 
for some r e N. The center Zi of Gi is the product of Zi (1 K by a cyclic subgroup (zi) 
(|2;i| > 1) such that {zi)/{zi) (lAi is finite. 
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Proof. We observe that the projection map tt of G on D has compact kernel hence n is proper. It 
follows that i?i = tt{Gi) is closed, hence 7r(Gi) is either {1} or D or (p) (c > 1). Since Gi is non 
compact 7r(Gi) = {1} is excluded, hence the first assertion. On the other hand Ki is normal in Gi. 
Every element X of ^ can be written as X = (A, 9) with A € M and € /C, an antisymmetric matrix. 
The quadratic form g' on ^ defined by q{X) = A^ — Tr^^ is positive definite and AdG-invariant. 

If Ri = D, the result is proved as follows. Indeed, the Lie algebra Qi is AdGi -invariant and Qi 
contains an element Yi with 7r(Fi) ^ 0. It follows Gi = (expRFi) k Ki, Gi = RYi K /Ci. Since /Ci 
and Qi are AdGi-invariant, the same is true for the orthogonal line K-i C Gi- On the other hand, 
we have for any t e R, g e Gi: 5e*^\g^^e~*^i G A'l. hence Adg{Yi) G Yi + /Ci. Then the afRne 
hyperplane Yi + JCi of Gi is AdGi-invariant, hence the point of intersection Y of JCj; and Yi + K\ 
satisfies AdGi(y) = Y. It follows Gi = Ai x Ki, Zi = Ai x {Zi n K). 

If Ri = (p), we consider y G Gi with 7r(y) = p, and the Zariski closure L of the subgroup (y). 
Then L is a closed abelian Lie group with a finite number of connected components. Let L" be the 
connected component of e in L. Let r G N with y"^ = expYo G with Yq G G, hence expMlo C L", 
Ad?/(yo) = Yq- Since for any g G Gi, n e Z, gy^g~^y~'^ S JTi and is algebraic, we have 
also, gzg~^z~^ E Ki for any z E L. In particular for any t G R, ge*^"g~^e'^^" E Ki. It follows 
Adg'(lo) — ^0 G ^1, hence the afHne hyperplane Yq + JC\ of MYq + /Ci is AdGi-invariant. Since 
K\ and WYq + /Ci and are AdGi-invariant, we can repeat the argument used if R\ = D: the point 
Yi = Yo + U , U E JCi of intersection of K.^ and Yq + /Ci satisfies AdGi(yi) — Yi. In particular 
[yL,/Ci] = [Yi, U] = {0}, expFi = exploexpj/. Then, using y"" = expFo G Gi, expJ7 G ATi, we get 
expFi G Gi, hence expZFi is a central subgroup of Gi. Since Gi = (y) xi Ki and y'^ = explo) we 
conclude that Ai x Ki has finite index in Gi. Furthermore Adt/(Fi) = Yi and Ady(yo) = imply 
Ady(i7) = U, hence (y exp = y^ exp i7 = exp Yi. Since |y exp ^\ = p and gi = y exp ^ G Gi we 
conclude Gi = (exp(gii))><jsri, with ^i = exp Fi. Using the above we can write Zi = (z) x (ZidKi). 
Also Ai X (Zi n A'l) is a subgroup of finite index in Zi. This follows from the fact that tt defines an 
isomorphism of (z) onto a cyclic subgroup of D, which contains 7r(Ai) as a finite index subgroup. 
Then, for some n G N, z" = uai with ai G Ai, u G {Z\ n K^. We can write = with 
V E {Zid Kf, hence {zvY = z^'u''^ = oi. Then with zi = zv we have Zi = {zi) x {Zi n Ki), 
{zi) (lAiD (ai), hence {zx)/{zx) fl Ai is finite. □ 
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